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1 ]
A plﬂnﬂ Rl contains twWo vectors ( | ) and ("‘5 )-
0 -2

2]

(i) Find a vector normal to .

(1)x6)=

A plane n, has equation 4x + Sy — 6z = 0.

(ii) Find the acute angle between =, and . 2]

'n.=(:%)‘ nz-(4)
O = ws™ ( )( )
N44 77

38
e

- ws-l

= 49.2°

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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2 A curve has equation T + 1 2 5 = x’y°. Find the equation of the tangent to the curve at the point
+ X +y

(1, 1). Give your answer in the form ax + by = ¢, where a, b and c are integers. 6]

x’ | P
st = Ty

xl + 32(”11) = x3ys (,..’.xl)
|+ Y3

Uty + yOtx?) =2 y° 0+ x)1+Y?)
X'ty + 22yt = vy xt+yt xX'y*)
Implia'L %ﬂv\imﬁﬁn wrt x :

2% "'2\7% + 2x‘(255'316) + ¥ (4%) = (Zy 5).[2,5.,. zﬂﬁ" + X zyﬂ
1'3"" (ZZ)J

t U+ +y?+ x’y")-

[ 5y* H+ y5.32°]

Given

‘iy=-5x t 14
sxt 9y = 14 heace, a=5 ,b=1, c= 14

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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It is given that f(x) = In(1 + sin 3x).

d.
(i) Show that f”’(,;; )= k , where k 1s a constant to be foun
| + sin3x

flx) = n(1+ sin3%)

f() | Tt SIN3xXx

= 3 s 3A
| T SIN3X

(14 sin3x)(-18in3x) - (3cos 3x) (3 wos3x)
( 1+ §in 3x)*

(%)

~1Sin3X = 9 sin* 3 - 9 cos*3X
(1+ sin3x)3?
= -9(sin3x + sin®3% + €057 3X)
(It sin 3x)?
= -9(1+sin3x)
(1t sin3x)?
-9
l+8SIN3%X
h.ma 3 /4-'- -9

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(ii) Hence find the first three non-zero terms of the Maclaurin expansion of f(x). 4]
When x=0, £(0) = lh(1+0)= 0
fll0)= —— =3
f'0)= =L =-9

Sine F'(x) = -9C1+sin3z)”"
£3(x) = 9 (C1+8in SX)-Z (3ws3%)
= 2+ws3X
(i1+sin3x)*

= £%(0) = G?I? = 2%

= 3
Heae, £(X)= 32 +X (-9 t L (a)+-
= 3X _%xn_'_ _2?_x3+...

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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4 Do not use a calculator in answering this question.

Three complex numbers are z, =1+ V3i, z, =1 —iand z 2(

z
(i) Find ﬁ— in the form r(cos @ + i sin 8), where r > 0 and —& < 8 S T [4]
9€3

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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A fourth complex number, z,, is such that — is purely imaginary and | — | =1
“nis Z3es
(i) Find the possible values of z, in the form r(cos 6 + isin 6), where r > 0 and —=n < 0 < m. [3]

Z _ |
Since 5Z; |2 (00

S5M L :ein ST
S? -i-LSIn 12

since 2 ; 15 pwel)« imagnnwy,
ZIT4\ _ 11 _
Mj (2—22—3) e Tl :g'
I 1f ar (;ﬂ )Z =1 | I an ( )f‘} -
: J\gz3/*4 " 2 I3 2
Z| Fp = I Z| = -1
j(ig -23) ¥ wj 4 2 a‘rﬂ (2 1‘3) T wj Z4 2
= - - _ 5T
:ﬁ . arj 24_. %-—% s Mgi.q.- "E ‘LQ
— i & -

'24‘-‘ J_Z(LOS% + L8 %) '247-‘,—2((05_','; +1Sin :‘2")

:
The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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5§ (a) Given thata and b are non-zero vectors such that ax b =b xa,

find the relationship between 5

8

and b. 2] q,
axb =bxa
N N N/ ~/
a
ANy ~~ ~/

(b) The points P, Q and R have position vectors p, q and r respectively. The points P and Q are
fixed and R varies.

(i) Given that q is non-zero and (r — p) X q = 0, describe geometrically the set of all possible
positions of the point R. [3]

(r-p)x =0
i (L-ﬁ):l% ;lélR
,{::,B"' l% :lé/R

Sincie R varie§ , I repm:uio "ﬁe /)osi'h'cm, vedoy
H variable point R "that o on the wedor
: orodlel +o ) ond which p asses 'r/wwjk

Po:‘:d; P.
1

4"

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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-1 3
(i1) Giv ead thatr —(y),p=( 2),(1:(-—5)andthat(r—p).q=0,ﬁndtherelatinnship
z 4 2

between x, y and z. Describe the set of all possible positions of the point R in this case. [4]

DR M,om.o.hﬁ; a-“ '”LL }ws.slu.e IwSl‘hcm, %uﬁl\a

that A on ﬁzwﬁrplmurvﬁ/ normad
Mdbr _g) A

1

Ld:AandBLeapmb )’*
on‘l’}wPIMa

' PA=
Th (:‘?)'C"i )=(2
oh=(3) 11{E) +p (3) ,aer, per
o 0h=({da) Ak, per

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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6 The complex satisfies the equation

2(2+i)-8iz+1=0,
where 7 is a real number. It is given that one root is of the form k + ki, where k is real and non-zero,

Find 7 and &, and the other root of the equation. (8]

(K+ ki) (ati)- 8i (Ktki)+ t=0

(K% aki-K)(ati)-8Ku + 8K+t =0
4k*c - ak*- 8kt 8K+t = 0
(-ak*+ 8k +t) + i(4Kk*-8K)=0 + 0¢
By comp arison co bull;t'l
4k*- 8k =0 -2K*+8Kt+t t = 0

4K (K-2) =0 -2(2°) +8(2)+ t=10
k=0 orl K=2 -8§+l6 +1t =0

Heace , 2*(ati)-8iz -8 =10
Solving for Z: z= -(-8i)% N C8i)- 4ati)(-8)
A(tL)
= 8i + N-64+64 +32
4+2(
= 8 (414i)
4+
= QtiAl  or "%""?‘i

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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6 [Continued]
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7 Do not use a calculator in answering this question.

It is given that f(x) = 2 — sin 4x.

(i) Find Jf(x) dx. [1]

[2-sindx dx = @u L% 46

: N R
(ii) Find the exact value, in terms of n, of ’[& xf(x)dx. [4]
0

Llet dv=8in4X
V= <-00354X
4 5
.. jO 2X— xSin 4% dx

= 2, xw$4X sm4x_', 2
[ ¥ 1 4 |6 0
SR
s 13

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(iii) Find the exact value, in terms of =, of J (f(x))” dx. (4]
0

i L .12
J® (a-sin4x)" dx = [Z 4 -4sin4x + sin'4x dx
- f% 4-45in4x + -3 cos 8X dX
DOuble Angle Formulae . I
oS 8X = I-aAsin*4x [ix T cos4x - 65'0 37‘];

- Q84X = 1-088% ,_[%HJ [']

$in*4% =2(1-cos8x) | _

“ -

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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8 (a) The Ist term of an arithmetic series is 4 and the 5th term is 10.

14

(1) Find the 30th term of this series.

Given a=4 and at4d =10

Hence, 4 144 = 10
4d =6
d=7

T30= 41"3'1(’%) =1?5~

(ii) Find the sum of the 21st term to the 50th term inclusive of this series. [3]

S5p =520 = %0'[3(4)1" ‘*7(?&1)_] - %0[5’(4) "'H(%)J
= 16325

1IN TS RAA DN

- s 1:'-- -. '__‘.:r- y e vl ._-.._"' g o _."H‘;_'_._.._-_ e —— L
DO NOT WRITE IN THIS MARGIN

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(b) Thf{ Ist term of a geometric series is 4 and the Sth term is 1.6384 where the common ratio is
positive.

(1) Find the sum to infinity of this series. (2]

a=4, art = 16384

r4= I 6384
r=208

Since r is positive , T = 0-6

4
P SGO = 1-08 = a0

(11) Given that the sum of the first n terms is greater than 19.6, show that
0.8" < 0.02.

Hence find the smallest possible value of n. [5]

Sp > 196
a(1-T7) 5 9.6

|=—T

(500) (1-r%) > 19-6

! 19-6

I-0-8" ) 0.98

0-8" < 0-02 (shown).
ninho0-8 <Ia 0-04

n 2 1+.53]

-2 Nogst = 16

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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9 (i) By considering the gradients of two lines, explain why tan~ ' (2) —tan”
WM = tan O
e m=+tan @
Hence ) 3!’&(14.:!.!\1' Oﬁ IS*M m, =2
3matw~f dﬁ Qn«l Jdn-t M2 =-zzl:
mp-may= =1l , /LUH-:. 60*’!. Auneo mftff-mdb‘-wlw.

respectively, where k 1s a constant

'(-3) = 3™ [1)

and k > 0.

(ii) Find the set of values of k such that C, and C, intersect. [3]

‘ _ K
Let X3+  3xt+4

Kx*+ K =3x 1t4
Kx®-3x+(K-4)=0
For C) and (5 to intused,
b*>- 4ac 7 O
9-4k(K-4) 2 O
-4k*+16k+92 O
4Kk*-16K-9 £ ©
(2K+1)(2k-9) <O

- hi
1 <K<z

Sine K>O , thea (0 < KX 1

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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y = and y= Z
It is now given that k = 2. 2+ 1 3x+4
(iii) Sketch C, and C, on the same graph, giving the coordinates of any points where C, or C, cross
the axes and the equations of any asymptotes. [3]
(2 /\\

B (D!‘) C’

"‘M (2,%)

_‘: —

(2,%)

=<4
o D i, | -
(iv) Find the exact area of the region bounded by C, and C,, simplifying your answer. [S]
l 2
“ L . _=__ Jx
1 A*+ 3xt+4
2

| 1
sH R
i g
wlh win
S S
Ny B
(729
<o

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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10 Scientists are investigating the effect of disease on the number of sheep on a small island. They
discover that every year the death rate of the sheep is greater than the birth rate of the sheep. The
difference every year between the death rate and the birth rate for the population of sheep on the island
is 3%. The number of sheep on the island is P at a time ¢ years after the scientists begin observations.

(i) Write down a differential equation relating P and 7. 2]
Gi birth _ death _
e ragl rate = 3% x P
= -0.03P
dP

= birth rale - death rale
=-0-03P

8% 3
© Cr

(ii) Solve this differential equation to find an expression for P in terms of 7. Explain what happens
to the number of sheep if this situation continues over many years. [4]

A = | =p.

J7 b =[-003 dt
In P = -0.03t +¢C
P = e-O-ﬂ&'t T
P e ete-o-03f
P

= Ae™"F  hee A= 6"

HU]CG,P >0.

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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19
The scientists import sheep at a constant uniform rate of n sheep per year. (The di fference every year
between the death rate and the birth rate remains at 3%.)

(iii) Write down a differential equation to model the new situation. (2]

dP _ _,.
o = 0-03P + n

(iv) Solve the differential equation to find an expression for P in terms of 7 and 7. (4]

[ _
J n-0.03P o -f it

i / -0-03 = dt
-5 =il e ~d

190 |, [1-0.03P| = t +©
I [n-0-03P] = 23 ¢ - -3C
n-0-03P = ie-'%t__']o_ﬂo_ c
= AT her A=:I:BT%‘T
0-03P = n - Ac-ﬂiﬂjt

p= JOTO(n_Ae-O*O.?f)

(v) Given that the number of sheep settles down to 500 after many years, find ~. (2]

Ast — o0, Ag 0%

. pP— &n

Lef 1% n =500
n=15

— 0

D ST, St gl L

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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] imi - f fitness to
11 In sport science, studies are made to optimise performance in all aspects of sport from

technique.
LINE
A am C 4m D SCORING LIl .
X __—_J_'—'—p————p———!
/
/ f-'
/ /
/ £
/ ;’
; /
! i
ff /!
/ ;
4 F i
/ 4
/ ,.r;
/ 7
/ J
J” /
! ;
xm ," /
) ;‘r
/ /
/ ’
r’ /!
/ !;
! Fi
/ /
!
/ Bff'r
r'\r
.
/ ;
¥y
Y
1';;
I
KTl
B

In a game, a player scores 3 points by carrying the ball over the scoring line, shown in the diagram
as XY. When a player has scored these 3 points, an extra point is scored if the ball is kicked between
two fixed vertical posts at C and D. The kick can be taken from any point on the line AB, where A is
the point at which the player crossed the scoring line and AB is perpendicular to XY,

The distance CD is 4 m; XC is equal to DY; the point A is a distance a m from C and A lies between
X and C. The kick is taken from the point K, where AK is xm. The angle CKD is 0 (see diagram).

I © UCLES & MOE 2020 ﬁ 9758/01/0O/N/20 I
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() By expressing 6 as the difference of two angles, or otherwise, show that

4x | 3]
x2 +4a + a?

21

tan 6 =

0 =LAKD - £ AKC
Tanb = tTan (AAKD -ZAKC)
= tan L AKD - Tan L AKC
| + TanLAKD tanLAKC

= at4 - a 4
b 4 x - xX = 44X
| + (AXTNE | + a(atd) x’talats)
oA X 4

(ii) Find, in terms of a, the value of x which maximises tan 6, simplifying your answer. Find also
the corresponding value of tan 6. (You need not show that your answer gives a maximum.) [3]

Lethe +an 6 T= xz:;_raz
dT _ (X*+4a+a*)(4) - 4% (22)
dz (x*+4ata?)?
= 42°-82+4a* +l6a
(x*+4a +a*)*
= -4z3+4a’+lﬁﬁ-
(x*+ 44 +4%)?

let 4L =0 ,ie ~4x’+4a*+16a =0

42* = 4a* +16a
x*=a*t4a
X

= Na’*+4a
' x70)
Wheq x =Na*+4a
tan & = 4Na*t4a _ 4Na’t4a  _ 24 a*+4a
’+4at4ata*  Ra*+8a a(at4)
= 2
Na(at4)

9758/01/0O/N/20 [ Turn over I
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11 [Continued]

22

The point corresponding to the value of x found in part (ii) is called the optimal point. The
corresponding value of 6 is called the optimal angle.

(iii) Explain why a player may decide not to take the kick from the optimal point. [1]
At the optimal point , the plages is still of
wnmideroable odotonce m CD. Heae ; he maJ
choose To Kkick 0'\5 w he moves cdoser

tfowardn A.
(iv) Show that, when 6 is the optimal angle, tan KDA = 4j . Find the approximate value of
a
angle KDA when a is much greater than 4. [3]
x _ Na*+4a
tan£ KDA= 544 = atf
(at4)?
= 4 a(at+4)
(at4)?

- '\/ :f‘f- (.Shown)_
When a is lwde , tan £KDA R 1

4 KDA =T
(v) It is given that the length of the scoring line XY is SO0m. Find the range in which the optimal
angle lies as the location of A varies between X and C. [2]
AXC + 4 = 50 o @ Ao ¢ 4 D
aXC =46
XC=ad3 m
Sine 0 <A £ 23 X

a
0-080086< 0 < 2
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