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Section A: Pure Mathematics [40 marks]
1  One of the roots of the equation x° + 2x* + ax + b = 0, where a and b are real, is 1 + :.zl—i. Find the other
roots of the equation and the values of a and b. [5]

Since the woeffidents of the cubic ore all real,
by tonjugate root theo remy , % =|=-32( 5 the other root .

Sub X = 1+ 20 info the cubic &fbuﬂﬁﬂn:
O+ 20)3+ 20+3i) + a(i+3i) +b =
(0-25 +1-325i) + 2(0-35+i) +a(1+2() +b =0
35t t+b)+ (3335+2a)i =0t 0L

Gomparing Goefficunts
rIta +b=0

at+tb=--35—)

3319+ 3a4= O
= -6

s b=-1.35 -(-63%5)

I © UCLES & MOE 2021 m 9758/02/0/N/21 I
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2 The diagram shows a sketch of the curve y = f(x). The region under the curve between x = 1 and
x = 5, shown shaded in the diagram, is A, This region is split into S vertical strips of equal width, A.

/Fm
WE .

0 1 5

y
[

4
(a) State the value of A and show, using a sketch, that E(f (1 + nh))h is less than the area of A. [2]
n=0

y = f(x)

£4-7)
£(3-4)

§(2-6)
£0-9)
(1)

0 1 26 34 42 §

Zﬁ (f(4nh)) b = i-l?(l-r 0-8n) - 0.8

n=0 n=0
=[4:(‘)"“'3]"' [€(1-8) x0.8] + [£(2:6) x 0.8] 4 [+(3-4)x0-8] + [F(4-2) x 0-8]
= sum of the rectangles numbered 1 +o 5 rspectively
< arga wnder £(X)

I O UCLES & MOE 2021 H 9758/02/0/N/2 | _I



(b) Find a similar expression that is greater than the area of A.

b

y = f(x)

> X
0 1

The sum of the area of the above 5

mfmafs 7 A
6 2 (F(tah)h 7 A
nsl

You are now given that f(x) = zloxz + 1.

[1]

(¢) Use the expression given in part (a) and your expression from part (b) to find lower and upper

bounds for the area of A.

Lower bound of aea A:

(2]

/

Use 4G

mdth

0: summation 22

i{:(lf 0.3,.) . 0-8 =0.3£ ‘ZIE(H' O.Bn)z...'

4
=0 n=0

=5.608 wits".

Upper bound of area A:

O-Bi ;'3(“0-3&)11-1 =6568 wits’.

n=|



(d) Sketch the graph of a function y = g(x), between x = 1 and x = 5, for which the area between the
4
curve, the x-axis and the lines x = 1 and x = 5 is less than Z(g(l + nh))h. [1]
n=0

J

Ne can see that the sum of ared of the
5 rectangles exceedsthe area of under g(x)
from x=1 to x=5.



* 0013549635706 *

WRIRARNANINNN. -

3 (a) The function his defined by h : x > 3x* + 3, forx € R.

x+1
5x-1

(i) Find gh(2). 2]
sh(x) = g(ix'+3)
= 32°43 +|
5(3x"+3)~ |
= $2°+4
22+ 14

gh(2)= :U'+4 -
$2'+14 _4_

JforxeR, x20.2,

The function g is defined by g : x

(ii) Find the value of x for which g(x) = 1.4. [1]

3 = Xt
5 5Z = |
Sx+5=352¢-%

30X =12

=2
Sl

X+4d
2x+ b

(i) Give an expression for k and explain why this value of x has to be excluded from the domain
of f. (2]

2xtb £ 0
1t =7

,forxeR, x#k.

(b) The function f is defined by f: x —

=b
2

Hence, K=

Since £(=2) is undefined , x = "2 has +o be
exduded from the doman of .

I © UCLES & MOE 2021 9T58/0L/0O/NI2] I
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The function f is such that f(x) = f ™' (x) for all x in the doma

(ii) Determine the possible values of a and of b.

Since £(z)=f"'(2)
Z+ta = a-b%
2x+b 2x -1

B’ wwujsm’ b=-'

in of f.
13)

For £-(2) to exist, f(x) must be a 1-1 fundion .

= Ata - XAta
f(z) 2% = 2(x~-3)
If a=-% , f(x) =% which

Heaw a € /R \ [-%}

(iii) Find an expression for f~'(~4).

£164) = value o} x when F(X)= -4

i m)‘e}mlh 1-1.

i‘e- —4= xXta
2X +b
-8x-4b=xt+ta
X = -a-4b

S8/02O/N2]

I © UCLES & MOE 2021
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Mrs Wong is the president of a swimming club. She devises a training programme for members of
the club. Members swim 10 lengths of a swimming pool; the time taken to swim the first length 1s
40 seconds and the time taken to swim the last length is 25 seconds. The times taken for each of the
10 lengths are in arithmetic progression.

(a) Find the total time taken to swim 10 lengths using Mrs Wong’s programme. [2]

U, = 40
Ujp=40 + 94 = 25

14.= 25 - 40

3
$10= 2[240) +1¢-3)]

= 3255

One of the members of the club, Alfie, devises a different training programme. In Alfie’s programme
the time taken to swim the first length i1s 25 seconds and the time taken to swim the last length is
40 seconds. The times taken for each of the 10 lengths are in geometric progression.

Suzie swims 30 lengths. She swims 10 lengths using Mrs Wong’s programme, then she swims
10 lengths taking 25 seconds for each length, and then she swims 10 lengths using Alfie’s programme.
The length of the pool is 35 m.

(b) Find Suzie’s average speed for her swim of 30 lengths. [5]

First 10 lengths -
slo = 325s.

Next 10 Ienﬂ'rhs=
10X 25 = 25(0s.

asi' 10 lengths : (Alfiels programme)

Heace, Suzie's average

_ f speed
~T =1-0536 = 30 X 35

l e~ ——————— a— s ———— il il
S L -V =319.39%s  325+250¢ 319.947
[ sveum . B , = 1 1Fm |
© UCLES & MOE 2021 @ 9758/02/Q/N/21 / s
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(¢) Determine whether, exactly 8 minutes after she starts to swim, Suzie is swimming away from or
towards her starting point. 2]

Bmins = 4805

480"325 = 6'2
25
This happens on her I3t |ap , hence Suzie is

swimming anay from her Starting point.

I © UCLES & MOE 2021 ﬁ 9758/02/0/N/21 [Turn over I
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Fi d tan? Sx dx.
-Jsec“sz | d%

= fﬁ-ﬂssx - x4+ G

b
(b) Find L sin 2x sin 3x dx.
=J: sin 3% sin 2& dZ
- (b -
"'K!'Jo WSX = s 52 dA

= -2'. [ SiNX - Siﬂssxjt

= ..4. (Sin b - Hnsﬂ))

10

5 7(cos &-cosF)= sin P14 5;, P-8

8/02/0O/N/21

O+®:

[2]

[3]

Factr For mula :
wsP-tos &= =2sin E’-‘zﬂ sl'n-L;ﬁ

B comp arison:

P—r X
P+& = 6X —O)
£ - 2
p-Q =4x —@
2P =10X
P=5%
O-@): 2@=2%
A=A
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b
(¢) Find '[ , where | <a < b.
xInx

b %
-J.ﬂ.-fnzz ix
.=[|" , In xl]t

= ln(lab) = ln(ln Q) (ﬂnt:_bﬁ. and b are both

Hon 1)
- (b
h (4 "

11

2x

(d) Use the substitution u = 1 + e?* to find 2 3 dx.
(1 +e?)

=3[ u? du
— -3
= ',': * ET + 0
- = |
e + O
Step 3 o
—-L- = 4(”62:)1 t C
ICLES & MOE 2021 -, O758/02/0O/N/21
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Section B: Probability and Statistics [60 marks]
6 A biased 5-sided spinner gives the scores 1, 2, 3, 4 and 5 with the probabilities shown in the table,
where p and g are constants.

Score | Z 3 4 5
Probability 0.2 0.3 p p q
Given that the variance of the score is 1.61, calculate the mean score. [7]

0-:2t03taptg=|
9= O-S-JP —®

E(X)=o02%0.6+3p+4pt5g

=08ttty
E(X*)= 02+ 03(9)+ 9p +16p ¢t e5q

= 14+ 425p+-251,
Var(X) = E(X3) -[E(X)]*
1-61 = 1-4+ 25p + 259 — (0-8+ ¥p + 5¢9)* —(

Sub © into @):

161=1-4+25p + 25 (0-5-2p) - [0.8+%p+ 5(0.5-2p)]°
1-61=13-9-25p - [3.3-3p]3

2
- 1: 0.5—? = 75

E(X)= 0.8 +%(3)+ 5(3)
= 2.3

I © UCLES & MOE 2021 E% 0758/02/0/N/21 I
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When performing a trick a magician says the word ABRACADABRA. The 11 letters of this word are
arranged in a row.

(a) Find the number of different arrangements that can be made. [2]

(b) Find the number of different arrangements in which the 2 B’s are next to each other, the 2 R’s are
next to each other, exactly 4 of the A’s are next to each other, and the C is next to the D. [3]

DO @t
ORI

We insel the

ular‘A’ and M-Ke.t
‘4 Al lfa.o Zo.F e
4 OLTONS.

)

(¢) Given that the 11 letters are arranged randomly, find the probability that all 5 A’s are together.

Ap A > ®OR® O

|
NO- of ways all 5 ‘A's are together = Srgr = 1260
1260 |

23160 66

9758/02/0/N/21 [Turn over I
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8 A car manufacturer claims that the front tyres on a particular model of car have an average life span of
20 000 miles. Following comments from customers, the sales manager wishes to test if the life span
of the tyres is greater than 20 000 miles.

(a) Explain why the sales manager should carry out a 1-tail test. State hypotheses for the test,
defining any symbols you use. [3]

Since the managrr wishes to test if the life span
of the tynes isazma:tu than 20 000 miles, ’gw.t
wonld l’eiu.irc tht 1-tad test.

A 2-tad test is carried oul onlr if the manaq
wishes to test if thare is any change in a»v&

life span of the tyres from 20 000 miles .

Null Hypothesis : H, Ho : = 20 000 aamt
Alternatve Hy: 220000 -

Ay
ywoﬂu.m l ”Iwz#=mw‘ -

The sales manager contacts customers and gathers details about the life spans of a random sample of
50 of these tyres. The life spans, x thousand miles, are summarised below.

Y(x-20)=9.4  X(x-20)*=38.76

(b) Calculate unbiased estimates of the population mean and varance of the life spans of the. tyres.

[2]
. 50

?5;: +20 =20-188 = 20188 miles

. L -2 ¢ _ (3(1-20)1
gt = 43[ J(x-20) 5

= — "43
29 [ 38-16 W]

= 0.#54955 (thousand miles)”
= 354 955 miles?

I © UCLES & MOE 2021 oy 9758/02/0/N/21 I
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(¢) Test, at the 5% level of significance, whether the mean life span of front tyres is more than
20000 miles. [3]

let X be the lifespan of a fyre (in miles).

Sine n is / > B 354955
by (entral Limidk Theorem , XN (20 000, 452 )
approx

To test Ho ‘p= 20 000 zwat
Hi: w7 40 000 57 lewvel 05, sidnificana, .

Test Statiotic: &= 27F ~ N(0,1)
Vn
= Q0188 - 20000 = )-5300

W

By GC : p-value = 00630 ‘
Sine P= 0-0630 7 0-05 , thare is msu.H-iuud:
evidenw at 57 level ﬂtv S Mﬁi‘ma, to reject Hh
e the Life spon of- fontVhymy remain o
20 000 miles .

(d) Explain why this test would be inappropriate if the sales manager had taken a random sample of
15 tyres. [1]

,ﬁ n=15 , then the sample siga is ot
evawh for X to be approximaled
'I-t,ajv”m%: normal datribution.

chuz, the Z-Tesl wth.J, not Ae aﬂ;mpm'at. .

I © UCLES & MOE 2021 9758/02/0/N/21 [Turn over I
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In a chemical reaction the mass, x grams, of a particular product at time # minutes is given in this table.

n

t 0 3 6 9 12 13 18 2] 24
%I 104 | 113 | 14.3.1 167 | 19.8|[122.8 | 28.7 | 32.5 || 39.3

The value of the product moment correlation coefficient is 0.9803 correct to 4 significant figures. The
scatter diagram for the data is shown below.

P =

0 e 4
0 3 6 9 12 15 18 21 24 27

(a) Toby attempts to model the relationship between x and 7 with a straight line. Explain whether
this is likely to provide a good model. [1]

Atthough 1=0.9803 is dose to 1, the scaller diagram
suggests thal as t mceases , x inutases at ‘an
inutasing rate .

Hene, a sfraiaht line is unliKely to provide

a aood model.

‘I © UCLES & MOE 2021 % 9758/02/0/N/21 I
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Toby now tries a model in which x has been transformed to In x.

(b) (i) Sketch a scatter diagram of In x against ¢ for the data given in the table. [1]

+ i i » (24} 3'61)

TPttt ———3 ¢
b 3 6 9 12 15 1% 21 24

(ii) Toby models the data with the equation Inx = ¢ + dr. Find the values of the constants ¢ and
d and state the value of the product moment correlation coefficient for this model. (3]

By 60 : ¢ = 2292% = 2:29
d=005%2%|= 0.05%3

r=099869 = 0-999

(¢) Comment on Toby’s two models. 2]

Let model A be X =a + bt
,model B be InX =229 + 0,05,-'31:

Sine T -vale for model B is closer +o 1 than

model A , model B is more appropriate for
dota collected. KA -

Furtharmore , the scalber diagram for model B
shows a 8#0!09” linear réladionship than model A.

9758/02/0/N/21 [Turn over I
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10 In this question you should state the parameters of any normal distributions you use.

A company makes 3-legged wooden stools from 4 solid components — a seat in the form of a disc, and
3 legs each 1n the form of a long, thin cylinder. The seats and legs are bought in bulk from another

company. Over a period of time it is found that the masses of the seats are normally distributed; 80%
of the seats have mass less than 2.1 kg, and 15% of the seats have mass less than 1.95 kg.

(a) Find the mean mass of the seats and show that the standard deviation is 0.0799 kg, correct to
3 significant figures. [3]

Let X be the rv. d&no'h‘ry the mass of a seat in Kg.
XNN ("; ﬂ-l)

P(X< 2:1)=0-8 p(x<1-95)= 0-15
p(E<E=E)=0.8 P(2<L382E) =015
2=} = 0.84162 1195} = -1-0364

I 0
n=21-0-841620" —® K= 95+ 103640 —(2)

Solving(D) and @ 24- 0-841627" = 195 +1-0364 "
1-838050° = 0-15

r=0.0398699
= 0-0399 (shown).
|.l=2'|‘°'34|69.(0-0:|'¢:|3‘11)= 2:0329 = 2-03

The masses of the legs, in kg, follow the distribution N(1.2, 0.022).

(b) Find the expected number of legs with mass more than 1.21kg in a randomly chosen batch of
500 legs. 2]

let L be the rv- dem)'l'inj +he mass of the

leqs , in Kq.
% J LN (1-2,0-02%)
p(LY1-21) = 0-30854

lef Y be number of leqs with mass more +how
12 Kg in @ randomly chosen batch of 500 legs.
Y~8(500,0-30854)
E(Y) = 500 X 0- 30854
= 154 (3 5-f.)

I © UCLES & MOE 202} Rz 9758/02/0/N/21 ,
=
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¢) Find the probability that the total mass of a randomly chosen seat and 3 randomly chosen legs 1s
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between 5.6 kg and 5.7 kg. [3]
X~ N (2-0328, 0-0¥99%)
L~N (12, 0.022)

X+ LitLz +L3 vN(56328,0-0035840)

P(5-6 < X+b +L21L3 < 5-%) = 0-42662
= 0-42%

In order to make the stools, circular holes are drilled in the seats and the legs are fitted into them. In
this process, the mass of seats is modelled as being reduced by 9% and the masses of the legs are
unchanged.

(d) Find the probability that the total mass of a randomly chosen drilled seat and 3 randomly chosen
legs is less than 5.6 kg. [3]

E(0AIX+Lithz+L3)= 091(20328)+ 12+1-2+1-2
= 54498

Var(0-91X + Ly +L2 +L3) = 0-91%(0-0%992) + 0-02°(3)

=0.0064%66

P(o9IX+L+Ll2+L3<5-6)=0-96890
= 0-961

I © UCLES & MOE 2021 @ 9758/02/0/N/21 [Turn over I
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10 [Continued]
The holes made in the seats have diameters, in mm, that follow the distribution N (31, 0.4%) and the
diameters of the legs, in mm, follow the distribution N(30.7, 0.3%). If the diameter of a leg 1s greater
than the diameter of a hole, then the leg has to be sanded down to make it fit. If the diameter of a hole

1s more than 0.8 mm greater than the diameter of a leg, then padding has to be added when the leg 1s
glued to the seat.

(e) A stool is made of a randomly chosen drilled seat and 3 randomly chosen legs. The legs are

paired up with the holes at random. Find the probability. that the 3 legs can be fitted without the
need for any sanding or padding. (4]

let Dy be the diameter ,in mm , of a hole in the seat.
PH ~ N(al/ 0-4%)

let D be the diameter,in mm, of a leq of +he stool.
D~ N(30.%, 0.3%)

DL=DH~N (<03, 0.25)

P(DL7 DH) = P(DL=Pn 7 0) = 0-23425
(Prob- req uired for sanding)

P(On-DL 70-8) =P(DL-PH € -0.8)
= 015866 (Prob. recluired for Pdddiﬂj)

Hene prob. with out +he need for any sandinj
or padding = | = 0-23425 - 0-15866
= 0-56709

Reiui’red prob- that 3 independent legs
con”be Fitted withoul the need for any sanﬂliry
or paﬂlclind = 0-5%6%09°3

= 0-182 (35¢)

I © UCLES & MOE 2021
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11 A company manufactures a wide variety of components for use in domestic appliances.

(a) The company introduces a new type of light fitting for refrigerators. Each day a supervisor
selects a sample of 100 of the light fittings for testing.

(i) How should the light fittings be selected? Give a reason for this method of selection.  [2]

The light fittings should be rmdomlx selecded fromy the manufactwed
lot pgr dﬂy.

This ensures an unbiased (or fair) representation of the
popubalion, of light Fittings produced by the company.

The supervisor records the number of faulty light fittings found on each of 150 working days.
Her results are shown in the table.

Number faulty 0 ] 2 3 4 3 6 7 8 or more
Number of days 4 19 38 41 22 16 6 = 0

(ii) Use the information in the table to estimate p, the probability that a light fitting is faulty.

[1)
(0X4)+ (1%19) +(2x38) +(3%41) +(4x22)+6X16) + (6% 6) + (7x4)

150 X 100
= 0.03

(iiif) Assuming that the number of faulty fittings found each day follows the binomial distribution
B(100, p), find the expected number of days on which 3 faulty fittings are found in a period
of 150 working days. [2]

Let X be the T.v- de,no-l'inj number of fauwlty fittings
out of 100 light fittings per day.

XNB(lOO/ 0-03)
P(X=3) = 022747

Let Y be the r-v- denoting number of days oul of 150,
of which 3 light fitlings are faulty per day.
Ya8 (150, 0.2174%F)

E(Y) =150 X 0-22347%
= 34.1 days

I © UCLES & MOE 2021 9758/02/0/N/21 [Turn over I
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11 [Continued]
(b) The company also makes heating elements for electric ovens. A fixed number of randomly
chosen heating elements are tested each day and the number found to be faulty is denoted by X.

(1) State, in context, two assumptions needed for X to be well modelled by a binomial
distribution. [2]

{. A heating element being faulty of not, occwrs ind ependently
of ofhersdunen'l's J uh‘y

2. The probability of a heating element being -Paul'l)l
remains as 4 «wnstaat .

Assume now that X has the distribution B(80, 0.02).

(ii) Find the probability that, on a randomly chosen day, the number of elements found to be
faulty is between 1 and 4 inclusive. [2]

P(1 <X £4) =P(x<4) -P(X=0)
0-738996
0.%%9

| © UCLES & MOE 2021 % 9758/02/0O/N/21 I



DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

* 0013549635723 *

WA - r

(iii) Find the probability that, in a randomly chosen 5-day working week, more than 3 elements
are found to be faulty on at least 2 days. [3]

let W be the 7-v. denoting number of days ol of 5,
which more +han 3 elements are found faulty.

W B (5, f)

Lef p‘= P(X>3)
= |-P(X<£3)
= 0-016%359

~P(WNZ2)=1-P(NE£I)

= 0-050500
= 0-0500

(iv) Find the probability that, in a randomly chosen 5-day working week, no more than 8 faulty
elements are found in total. 12]

let T be the r.v. denohrp number of faulty
elements ol of 400 elements.

T~ 8 (400,0-02)

P(T< 8) = 059255
= 0-59%




