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Section A: Pure Mathematics [40 marks]|
1 (a) The function fis defined as follows.
f:x x>+ 6x- 10, x€R
(i) By using the method of completing the square, find the range of f. [2]

(i) Sketch the graph of f. [2]

(b) The function g is defined as follows.
g:x X’ + 6x— 10, x<a
You are given that the function g' exists.
(i) State the largest possible value of @, explaining why this is the largest value. [2]

(i) Find an expression for g'(x). [2]

@ ® x*+ 6 -10 = (x+3)-9-10

= (x+3)*-19
Re = [-Iq ) w)
® Y

-3 3t 7%
X -infercepts *

When y = 0

i (xt3)* =19

x= -39

®® Iaracsi' value of x =-3 .
x=-3 i5 the turning point of g(x) , it is the largesf
possible value of ot allowing g(x) to be a 1-1 function.

@ y= (x+3)*-19
xt3=2Ny+19
x=-3+Nyt19

since € £€-3, £ =-3-Jy+19
2 g (x)=-3—Jax+rnl , x » 1




2 The first four terms of a sequence of numbers are 4, 2, 2 and 4. The sum of the first » terms of this
sequence is S,

(a) Explain why S cannot be a quadratic polynomial in n. [2]

Itis given that S, = an’ + bn* + cn + d.

(b) Find the values of a, b, ¢ and d. [4]

(¢) Find an expression in terms of n for the nth term of the sequence. [3]

@. Let Sn=an' + bntc.
then 5,0 a +btc=4—)
S, 4at2btc =6 —2

s, la t3btc=8 —3)

By 4C : a=0, b=2, =2
if a=0, Sn is not a quadratic polynomial in n .

®. Let Sn=an’+ bn’+cn td.

6 :atbtctd=4—0
5, : 6at4bt2ctd =6 —(
5, :ata +ab t3c+d =8 —@

54 :64a t16bt4cCc td =12 —®)
by 4C © a=3, b=-2,0=F , d=0

@- Tn = 5n — Sn-i )
=[4n®-20° + 0] - [ 3(a-0>- 2(n-0"+ $(n-D]
= Lo 2+ 34 [ 0F- 3n* £3n-) (it FA -5 ]
=n'-m+F —4n +2 +%5

=n’—5n+ )

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



3

(a) The angle between the vectors 3i — 2j and 6i + dj — V7 k is cos™! (%) Find the possible values of d.
[3]

et ot (3) , ob= (%)

= 605 {('%)(.ffi) } = ws" %
J13 {43147

. 18-24 _ 6
d13 [43+42 13
234 — 264 = 613 J43+42
(234 -26d)* = 36(13)(43+4d?)
54356 — 121684 + ¢¥6d> = 20124 + 4684’

20842 -12168d + 34632=0
24> — N#d + 333=0

By 6C d=3 or 55.5

(b)

*C

With reference to origin O, the points 4, B, C and D are such that 04 = a, OB = b, AC = 5a and
BD = 3b. The lines AD and BC cross at the point E (see diagram).

(i) Find OE in terms of a and b. [5]

The point F on the line CD is such that CF: FD = 5:3.

(ii) Show that O, E and F are collinear and find the ratio OE : OF. [4]



\\
3
/,‘)\’i
B 5\‘\
/ ’_A: \\\
0 <> X > ——2
a A 59\..
@ Given 0A =4 and o8 = b
then 0¢ =64 and oD = 4b
By ratio theorem:
E=20C + U-2) 0B
=¢ra +0-2)p ——©
O_E)= f‘”ﬂ; +(I—P)a
=(|_P)g+ 4I4k —®
Comparing wefficients :
62'=|_,4 "2/:4,4' _®
A=¢-cp —®
Sub @ into @ '_(%_%P)=4/"
5 = 23
3 3
[T
_ L _ (5
Y =76 ¢l\z3
=0T
23
Hence, o = 6 2&3)2 1'("'233),!’,
_ 20
= J5at 93k

D) By ratio theorem:

of = b rdok = Lup+ jup = fht e
— 20
= 2(fa t+ 55b)
2 =2 of
Since OF = & OF , and both contain the common

pom+ 0, fh 0, E and F are wllinear poinfs-
Also , OF : OF = 8:123




d
4 (a) (i) Given thaty=tan(e*— 1), show that ay = ke*(1 +y?), where k is a constant to be found. [2]

" dy &y dly
(ii) Hence find the values of a4 and e when x = 0. (4]
(b) Write down the first three non-zero terms in the Maclaurin series for tan(e* — 1). [1]

(¢) The first two non-zero terms in the Maclaurin series for tan(e* — 1) are twice as big as the first two
non-zero terms in the series expansion of e“In(1 + nx). By using appropriate expansions from
the list of formulae, find the constants a and n. Hence find the third non-zero term of the series
expansion of e“In(1 + nx) for these values of @ and n. (4]

@O y-= tan (€*—1)
gy = sec” (€% —1)-(e¥)
= e* [I + tan*(e*—1)]
= ex (14 Hz)
- K=

® L= (P Oryde” =2y + i
dT’xy_az(ze")[sﬂ‘x‘Lz @)+ i (2e7) + pi2

When x = 0:
y=tan 0 =0,

é=eCt+0) =1,
& =20 + 1 =1,

dx?
dy=2e’[0+1]F 0 1 =3
| 3
® tan(e*-) =% +a12" + 3’ + -~
=xtsx + gt

z 3 (nx)? , (nx)?
© €®In(1+nx) =[1+ax + 92 4+ 6020 +J[Nx - 2? + (142

= (1+ax t 3022+ ¢€a32%+-) (nx —In*a? + 3N°A%+-)
=nx —sna’+anz® + 3n°x3-zTan’x3 + fanad+ -



Consider:

The first two non-zero terms in the Maclaurin series for tan(e* — 1) are twice as big as the first two
non-zero terms in the series expansion of e“In(l + nx).

By comparing coefficients of & and 2*:

L=12n 2=2("%n*+ an)
“M=7 3= -(3)" +2a(z)
-2'-+ # = a

L a= &

Third non - zero term of €**In (1+ n2):
($n® - 2an*+ 4a’n)2’

{33 - 1 AE) + 2 @] 2

_AF 3
=92%
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Section B: Probability and Statistics [60 marks]

5  This question is about six couples. Each couple consists of a husband and a wife. The 12 people visit a
theatre, and sit in a row of 12 seats.

(a) In how many different ways can the 12 people sit so that each husband and wife in a couple sit
next to each other? [2]

(b) In how many ways can the 12 people sit so that the 6 wives all sit next to each other, and exactly
2 of the wives sit next to their husbands. [3]

¢! X 2° = 46 080 ways
\ ~— b o=

5‘r6pI=Arrange- the  StepIL: Each couple has 2! ways
6 touples i of arranging themselves
a linear order within eqch”packet.

®
wife | wife | wife w
T -

"
StepI° G!
1 way only Arrange the € Wives 1 way onl

l:: :_1;:3 to in a linear order. l;l: 2&5 to
husband husband
ofwife A. of wife B.

——
Step I - 5!
Arrange the 4 small and 1 big “packets”
in a linear order.

Total no- of ways = 6!x5! = 86400 ways

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



The group decides to form a committee to arrange future outings. The committee will consist of 3 of the
12 people.

(¢) Inhow many ways can the committee be formed without restriction? [1]

(d) In how many ways can the committee be formed such that at least 1 of the wives will be on the
committee but no husband and wife couple will be included? [3]

@ '2(:3 = 220 Wa:ys

@ Number of ways where Number of ways
no wuples are in the — only men are in
committee the committee

(6 C3 X 23) o 6 Ca
\ ) L v g
choose 3 from each wouple,
couples out there are 2 ways
of the G. to choose 1 person

= 140 ways
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6  Giant pumpkins are often irregular in shape. Growers of giant pumpkins measure the size of a pumpkin
using the ‘over the top’ length. Pumpkin growers keep records so that they can estimate the mass of
giant pumpkins while they are still growing. The over the top lengths (dm) and the masses (m kg) of a
random sample of 7 giant pumpkins are as follows.

d 2.31 2.90 4.05 5.50 6.70 7.92 9.17
m 11 14 47 104 170 282 449

(a) (i) Draw a scatter diagram of the data. [1]

(ii) Explain how you know from your diagram that the relationship between m and d should not
be modelled by a linear equation involving m and d. [1]

300——
200 —

100 °

([ )
|
| |
i1 2 3 4 5 6 3+ 8 9 d

i. As d increases , m increases af an increasing rate -
Hence ,m and d do not follow a linear re ationship .
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(b) Which of the two equations m = ed? + fand m = gd* + h, where e, f, g and h are constants, is the
better model for the relationship between m and d? Explain fully how you decided and find the
constants for the better equation. [5]

(¢) (i) Use the equation you chose from part (b) to estimate the mass of a giant pumpkin with

(A) over the top length 6 m, [1]
(B) over the top length 12 m. [1]
(ii) Explain which of your two estimates is more reliable. [1]

® For m=ed’+§f: r=0988890055|
For m =qd®+ h : 1=0.-999514626

Since v valuex | for m= 343+h. , thig is the better model.
From GC: m = 0-53165 d® + 3.343l
=0.5¥2d% + 3.74

© i. (A). When d=6bm , m=12%22 = |24$
(B). When d =12m , m=99).55 = 992 g
i. (A) is more reliable a% in’rerpolqh’on was prach'sed.
d=6m is within the range of data wollected .
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7

‘Crunchers’ are sweets that are sold in packets of 8. Each packet is made up of randomly chosen
coloured sweets. On average 15% of Crunchers are yellow.

(a) Find the probability that a randomly chosen packet of Crunchers contains no more than one yellow
sweet. [2]

(b) Kev buys 70 randomly chosen packets of Crunchers. Find the probability that at least 50 of these
packets contain no more than one yellow sweet. [3]

On average the proportion of Crunchers that are red is p. It is known that the modal number of red
sweets in a packet is 3.

(¢) Use this information to find exactly the range of values that p can take. (4]

(@ Let X be the discrete r-v- denoting no- of yellow
sweets in a packet of 8.
X~ B(8,0-15
P(X<£1)=0-65118
= 0.65%

(o) Let Y be no-of packets of Crunchers ouf of 30
that contain no more than 1 yellow sweet.

Y~ B(30, 0-65%18)
P(Y 7 50) = I- P(Y £49)
= 0-19010
= 0-190

(© Let W be +he discrefe r-v. denofing no- of red Sweets
in & packet of 8.

W’\'B(SJ P)

If the mode is 3 , then P(W=3) ? P(W=2)
and P(W=3) 7 P(W=4)

Consider P(N=8)7 P(W=12): (8),°(-p° > (8)p*(-p)°
56 p2 U-p)° 7 28 " (- p)~
56p 7 26 —28p
B4p 7 28
P73




Congider P(W=3)2 P(n=4): (§) pPC-p)° > (8) p*(i-p)*
56p7 (1-p)° 7 30 pXl—p)*
56-56p 7 10p
126p < 56
P <3
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A bag contains 3 blue discs, 2 red discs and y yellow discs. Li chooses 3 discs at random from the bag,
without replacement.

36y
G FH+3)
[1]

(a) Show that the probability Li chooses 1 blue disc, 1 red disc and 1 yellow disc is

Li’s discs are replaced in the bag.

Darvina chooses 3 discs at random from the bag, without replacement. The random variable S is the
sum of the number of blue discs chosen and twice the number of red discs chosen.

(b) Find an expression in terms of y for P(S = 3). [2]

(¢) Given that P(S = 3) = 55, calculate the value of y. Hence find the probability distribution of S. [6]

3 2 y | = 30y
© (yr5) X (yt4) X (3+3)x 3 (y+5)(y+4)(y+3)

® P(5=3)=1P(8,8,B) + P(B,R,Y)
(yt5) " (yt4)  (y+3) (yt5) (yt4)  (y+3)

= ¢ t 364
(y15) (y t4) (y+3)
= 6(6y +1)
(yt5) (y+4)(yt3)
@ 6(63 1") = ?

(yt5) Cy+4) (y+3) 20
By 6C : y=1 or 2-13 (rej')

P(s=2)= P(B,B,Y)

= |
S A XEXEX o =

P(S=4) =P(8,8,R) + P(R,R,Y) |
=(2xix3x3) 4 (xExdxdt)=03s
P(s5=5)=P(8,R,R)

= 3 y2 1L 3 = 0.
X g Xgx =008



0.35 0-15

S| @

P(5=5) 0-15

THE ANNEXE PROJECT

EDUCATIONAL CENTRE

EST2 2008

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.




9 In this question you should state the parameters of any normal distribution you use.

A type of metal bolt is manufactured with a nominal radius of 0.8 cm. In fact, the radii of the bolts,
measured in cm, have the distribution N(0.8, 0.01%).

(a) Find the percentage of bolts that have a radius between 0.79 cm and 0.82 cm. [1]
Metal washers are manufactured to fit on the bolts. The inside radii of the washers, measured in cm,
have the distribution N(0.81, 0.012?).

(b) Write down the distribution of the inside circumference of the washers, in cm, and find the
circumference that is exceeded by 5% of the washers. [4]

(@ Let X be the r-v. denoting the radius of a bolt.
X~N(o0.8,0-01%)

P(0-#9< X<0-82) = 0-81851

= 0-819
81-99%. of bolts have a radius between 0-¥1em and

0-82c¢m.

(b) Let Y be the r-v- denoh’n3 the radius of a washer.
Y~N (0-81,0.0122)
Let C be the r.v- denoﬁng the inside circumference

of a washer.
C=2mY
s E(C)= 27 E(Y) , Var(C)=(2M)* Var(Y)
= 2% (0-81) =0-0056949
=5.-0%94

C ~N(5.0894, 0-0056849)
lef & cm be the circumference exceeded by
8/ of the wdshers:
P(C £a) = 095
a = 5-2134 = 5-2lem




A bolt and a washer are a ‘good fit” if

e the inside radius of the washer is greater than the radius of the bolt and
e the inside radius of the washer is not more than 0.04 cm greater than the radius of the bolt.

(¢) A washer is chosen at random and a bolt is chosen at random. Find the probability that the washer

and bolt are a good fit. [3]

The outside radii of the washers, measured in cm, have the distribution N(u, ¢?). It is known that 15%
of the washers have an outside radius greater than 1.25cm and 25% have an outside radius of less than
1.15cm.

(d) Find the values of 4 and o. [3]

© E(Y-X) =€(Y) - E(X)
=0.-8 — 0.3 =0-0l

Var(Y=X) = Var(Y) + Var(X)
=0-0122 + 0-012 = 0.000244

Y-X ~N (0-01,0-000244)
~ PLOCY-X €0-04) = 0-FII58

= 0.F12
@ Let W be the r.v. denOﬁng the outside radius of
a washer.
N~N (@, 0?)
P(W »>1-25) = 0-I5 P(W < I-15) = 025
P(i)%&):o.ﬁ P(Z (J‘—'5F‘li)=o.25
~pP(Z £ %“—)=0-85 —'—'5?& = -0-63449

ﬁ‘io;li = 10364 k=115 +0-63449 5 —(2)
p=125-103640 — D)

Solving ) and @): pu=11844 =119
0 =0-058448 = 0.0584

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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The average time required for the manufacture of a certain type of electronic control panel is 17 hours.
An alternative manufacturing process is trialled, and the time taken, ¢ hours, for the manufacture of
each of 50 randomly chosen control panels using the alternative process is recorded. The results are
summarised as follows.

n=50 Xt =835.7 X*=14067.17

The Production Manager wishes to test whether the average time taken for the manufacture of a control
panel is different using the alternative process, by carrying out a hypothesis test.

(a) Explain whether the Production Manager should use a 1-tail test or a 2-tail test. [1]
(b) Explain why the Production Manager is able to carry out a hypothesis test without knowing
anything about the distribution of the times taken to manufacture the control panels. [1]

(¢) (i) Find unbiased estimates of the population mean and variance. [2]

(i) Carry out the test at the 10% level of significance for the Production Manager. Define any
symbols you use. [5]

@) 2-tail tegt, since the Production Manager wishes to test
the difference m the average time and not the increase
or decrease in the averqge me -

(& sample size is 50. Hence , Central Limit Theorem is used
to approximate the distribution to be normal.

© i t= 8351 _ 1g.314 = 16-F

50
2
6° = 15 [ 1406%1F - %] =2.0261 = 2-03

il. To test Ho: p=1% against
Hi: g #1F ot 107 level of significance -

where He : null hypothesis
Hi ¢ alternate hypothesi§
p : population mean

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



LeT T be average time (in hours) rettuired for the
manufacture of “ a certain type of eéctronic conttol panel.

gince n 15 |arge ) b)’ C_I.T T ~N (l?, 2—02-6—') appro)(imaiel)/.

50
Test Statistic : 2= Tt A N(0,I)
n

= 16-H4 — 1T = -1-4208
(,|2-ozcl)
5o
Using GG : p- value = 0-)5539
Since p -value 7 level of significance, we do nof reject Ho -

There is insufficient evidence at 107. level of gignificance to
wnclude that the average time re1uired has changed -

The Finance Manager wishes to test whether the average time taken for the manufacture of a control
panel is shorter using the alternative process. The Finance Manager finds that the average time taken
for the manufacture of each of 40 randomly chosen control panels, using the alternative process, is

16.7 hours. He carries out a hypothesis test at the 10% level of significance.

(d) Given that the Finance Manager concludes that there is no reason to reject the null hypothesis, find
the range of possible values of the population variance used in calculating the test statistic.

@ To test Ho:p =1? aga‘msf

H: P<H
_ 16-#-1F = -0-3J40
z-value- oy e
(%)

i

——

c=-28l6

since the Financial manager concludes that Ho is not rejected,

z-value > -1-2816
-0-3440 5 -1-2816
(o

~0-3J40 7 -1-2816 0

o 7 -0’3m
~1-2816
14305

L7 2:19
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