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Section A: Pure Mathematics [40 marks)

1  The curve y = f(x) passes through the point (0, 69) and has gradient given by

d
2 =(y-15)".
() Find £(x). =
(11) Find the coordinates of the point on the curve where the gradient is 4. 2]
@. ﬁ.;? = 'é'jj —15)3
3
J(39-8)3 4y = | d
1 2
(33_|5) . XA +C
2 s
(3)-(3
L -
_Z'_(-éy..ls)a —X'l'c )
When x = 0, 3::6'1: g—(‘;‘XG"-lS):; = ik

~ C=18
D 1(y-18)° =%+ 18
19-15)5 =2x + 4
jy-15 = (fx+4)d
3Y=15+ (23x+4)2
y=45+ 3(5x+4)%

@, Lef 4 = (.'gLﬂ-l’J')é
64= zy—1I5
t Yy =37
a2 32

When y=a3%, 23F =45+ 3(Fx +4)°
¢4 =(Fx+4)3
16 = §X +4
x = 54

coordinates = (54, 23%)
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2 . (a) One of the roots of the equation 4x* — 20x° + sx* — 56x + ¢ = 0, where s and  are real, is 2 — 3i.
Find the other roots of the equation and the values of s and 7. [5]

Since all the coeffidents are real ,
1’7 Rinps w’””ﬂ“'w root theorem, X= 213 is also a root .

[x-(2-3i)) ][ x=(2+#31)] =(x*- 4% +13) is a quadratic factor.

Sub (2-31) into the etiuafiﬂni

4(2-3i)% - 20(2-3i) + s (2-3i)*>- 56(2-3i) + t = 0
-476 + 4801 + 120 1801 - 5s-128(, - 112+ 168i + t = ()
(332-5s + t) + (828 —129)i = 0

By comparison of coeffiuent :
12 828 . 3 qT ST L=
69 t=5C9) —332=)3

S
S

4x*- 20 +¢92°

2
= (x-4x +13)(4x*- 43+ 1) ) ‘“‘; “”’3 il
= (X"-4x +13)(2x —1)(2x~ 1) x*- 42 +13)4 x4 20 X +14°- 56 +13
~(@4x*-16x? +5222)
“X=2-31, 2+ 3i or 3 $x? +13 x’ - 56x +13

~(-4x®+ 16 x” - 52x)

x* - 4 + 13
-(x*—- 42 +13)
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(b) The complex number w is such that w° = 27.

(1) Given that one possible value of w is 3, use a non-calculator method to find the other
possible values of w. Give your answers in the form a + ib, where a and b are exact values.

(3]

Step | : NS+ 3W + 9
let w’—2¥=0 N‘3)w3+0w’+ow-z4

2
and since W~ 3) is a factor, -(W® - 3n°%)
by Long Division | 3n*+o0w-2%

2 “"'(BNJ- qN)
Ww-23=(w-3)(W+3w+9)
w-2+

Step 2 - (9w -2%)

0
Solvinj for w’+3W+9=0

3+ N9-40)(9)

W=
2
= *31@

2
= "3i3ﬁ ="'3:|:3.|3i;
2

2
other values of W are =3 - 3—f‘i, and -2 +§-£3-l
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(ii) Write these values of w in modulus-argument form and represent them on an Argand

Im(w)
A

diagram.
Lef wy = 3
Wz = "3+3—‘E’L
W3 = '%'E—J;l
\N||=3,ar3w‘|=0 X
=3[ws0 +isin0] 2.\
1wzl = ,J (2)"+ (33)
=N+ + 3 =3
rqWy= T - +an"{3;) ./
= N — fai' B W3
= 2%

Sine W3 is wnjugate of W2z,

= 3[ws & +isin~4]]

[2]

() Find the sum and the product of all the possible values of w, simplifying your answers. [2]

Nt W2t W, =3t (33203

Wy Wz2 W3 = 3(-'1 +3r|-)(% -'"'[i-'")
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Ny C (=5, 4, 2)

An oblique pyramid has a plane base ABCD in the shape of a parallelogram. The coordinates of A, B
and C are (5, —4, 1), (5, 4, 0) and (-5, 4, 2) respectively. The apex of the pyramid is at £ (0, 0, 10)
(see diagram).

(i) Find the coordinates of D. (1]

(if) Find the cartesian equation of face BCE. [3]
® 1B = b

AD = BPC

s 44X+ +5Z +20 = 200 THE ANNEXE PROJECT
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(iii) Find the angle between face BCE and the base of the pyramid. 3]

(iv) Find the shortest distance from the midpoint of edge AD to face BCE. [5]
o : -10
b it =[] (9 -()x(D)
N, = AB X 6C = (:)—(‘:)__"(3)—(-t A1
B _(16-0 )
—(m—o
0 - (-80)
= (i)
10
80
_ (a)
= S
40

= cos-|(32+2251' 800 )

4 (3)
= 5 Y
c0S™ (2%) £

N4+ 45°+20% [ 87+ 5740’ N2441 1689
= 58:630
- 53.60
) Step 1 : )
midpoint of AD = ("5'.')+(-3)
& 2
OM = (£
()

Lt the shortest distance of
M 1o plane BCE be d.

Sfep /& o
d=[omM - &
- (E)‘(E)}({E) e (5)(53) o |—zo—360++o
N 42 + 45 +202 N 2441 N 2441
= 6-88 units
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4  In this question you may use expansions from the List of Formulae (MF26).

(i) Find the Maclaunn expansion of In(cos 2x) in ascending powers of x, up to and including the
term in x°. State any value(s) of x in the domain 0 < x < l:ﬂ: for which the expansion is not valid.

[6]

(i) Use your expansion from part (i) and integration to ﬁnd an approximate expression for

I }H(GS ) dx. Hence find an approximate value for L ln(czs 2%) dx, giving your answer
to 4 decimal places. [3]
0.5
(ili) Use your graphing calculator to find a second approximate value for J‘ ln(czzs ) dx, giving
your answer to 4 decimal places. ’ [1]
&
© s = n[1- “:2* o ]

= (-2 + 3xt - &x8) - 3(4x* - Fab+-) + 5 (-85
= f2'12— %x* —~ :gx t e

P,

When x = J} , I (cos 2({') = In O (undefined).
~ when X =%  the expansion is nat valid.

1 1
j Sm—
N I
a ~
| I
b
% R
|
| g
i 25
S ?’;,_
&
N
L W
O



0.5
] S 2Xx 3 5 05
0

x2

f T AL ERN T S U R et 0 % B e AT e G S M e 0

. B){GCJ de = -1.0630 (4 4. )
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Section B: Probability and Statistics [60 marks]

5 The manufacturer of a certain type of fan used for cooling electronic devices claims that the mean
time to failure (MTTF) is 65000 hours. The quality control manager suspects that the MTTF is
actually less than 65 000 hours and decides to carry out a hypothesis test on a sample of these fans.
(An accelerated testing procedure is used to find the MTTE.)

(i) Explain why the manager should take a sample of at least 30 fans, and state how these fans
should be chosen. 2]

(ii) State suitable hypotheses for the test, defining any symbols that you use. 2]

The quality control manager takes a suitable sample of 43 fans, and finds that they have an MTTF of
64 230 hours.

(iif) Given that the manager concludes that there is no reason to reject the null hypothesis at the 5%
level of significance, find the range of possible values of the variance used in calculating the test
statistic. (3]

@ Sample size should be af least 30 so that Central Limit Theorem (cLT)

R A T S T T e e S T A L R P Ty e s T [ i i T S

can be applied to approximate the distribution to be Nermal, and then
z ~test can be used during the hypothesis testing.

(D To test Ho: W= 65000 ﬂgalnd'
H, : n < 65000

where | represents the population MTTF in hours,

Ho : null hypo‘l‘hem&
Hi ¢ alfernate hy pothesis.

GiD) At 57 level of slgmfucanw,
SINE N=4y is Iarge, by CLT : X~ N (65000; 43) appmxlma+e|/

Test istics under Ho , % = —l‘— ~ N(0,I)
a|ni
1}

= 64230 - 65000
i
N43
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Since Ho is not reJccfecl:
Zz-value 7 -1-64485

'ﬁ?,_JTs y -1-64485
- 310443 7 -1-644850

o 2 3069 .79
oy 9423116 107
o > 1420 000
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In a computer game, a bug moves from left to right through a network of connected paths. The bug
starts at S and, at each junction, randomly takes the left fork with probability p or the right fork with

probability g, where ¢ = 1 — p. The forks taken at each junction are independent. The bug finishes its
journey at one of the 9 endpoints labelled A ~I (see diagram).

(i) Show that the probability that the bug finishes its journey at D is 56p°g°. [2]

(ii) Given that the probability that the bug finishes its journey at D is greater than the probability that
the bug finishes its journey at any one of the other endpoints, find exactly the possible range of
values of p. [4]

In another version of the game, the probability that, at each junction, the bug takes the left fork is 0.9p,
the probability that the bug takes the right fork is 0.9g and the probability that the bug is swallowed
up by a ‘black hole’ is 0.1.

(1ii) Find the probability that, in this version of the game, the bug reaches one of the endpoints A ~1,
without being swallowed up by a black hole, [1]

(i) Let X be the r-v. Jeno'h'n5 the number of left forks
+he buJ takes out of 8.

X~ B(8,p)
rx =5)= () p* (1-p)’
= 56p% (1-p)’

(. Given that P(X=5) is the largest, it means 5 is the
mode of X.

81-3P| . P(X= 5) > P(X=4')
56p5 (1-p)3 > 30p* 1-p)*
4p > 5 (I-p)




‘]P>5
5
p), 0,

Step 2 - P(X=5) > P(X=6)
56p5 (1-p)® > agp(1-p)°

200=p) 2 p
3P £
p<s —&
2
Heﬂce/ % < P < 3
left
q
- Each Juncﬁm g | swallowed by black hole
9-?2 Riahf

0-p t0-99 = 0-9 (ptq) = 0-1(1) =01

o-\_— swallowed by hole
. Each Junction o<

3 nol swallowed .

- o.qs
= 0-430

Recl'ujmd Prob-

THE ANNEXE PROJECT
EDUCATIONAL CENTRE

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



7 Theevents A, B and C are such that P(A) = a, P(B) = b and P(C) = c. A and B are independent events. -
A and C are mutually exclusive events.

(i) Find an expression for P(A’ N B’) and hence prove that A’ and B’ are independent events.  [2]

(ii) Find an expression for P(A' N C’). Draw a Venn diagram to illustrate the case when A’ and C’

are also mutually exclusive events. (You_ should not show event B on your diagram.) [2]
You are now given that A" and C' are mot mutually exclusive, P(4) = %, P(BNC) = % and
P(A'NB'NC') = 3.
(iii) Find exactly the maximum and minimum possible values of P(A N B). (4]

A L C

® P(A'nD') =1-P(AUB)
= 1-[PCA) + P(8) - P(AND)]

=|-a-b +P(ANB) .
- BV -4 "'P(A)'Pca)kéve&ngfre independan]

= |1-a-bt ab 2 P(ANB)=P(A).P(B)
= (1-a)(-b)
= P(A")-P(B')

gince P(A'NB') = P(A")-P(B"),
A & B are inclependenf.
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@D A and C are mutually exclusive, P(ANC)=0
P(A'nC') =1 - P(AUG)
= |-[P(A) +P(C)]
=|1-a-C

if A' and C' are also mu+uall)¢ exclySive , then

Q)

s*zl’"d A e Step2
AWM arY, indepen events, L
= P(ANB) = P(A)- P(B) - [2-2b] - 2b-[3b-5] -5 - 15
= 2 pear TR
= EE(B) - 27 5b
:
step3 :
Consider: 2b-+%0  (onsider: 2-3b %0
b3 b< &

» 3¢b < ¢ then '5('%)



A bag contains (n + 5) numbered balls. Two of the balls are numbered 3, three of the balls are numbered
4 and n of the balls are numbered 5. Two balls are taken, at random and without replacement, from
the bag. The random variable § is the sum of the numbers on the two balls taken.

(i) Determine the probability distribution of S. (4]
(ii) For the case where n = 1, find P(S = 10) and explain this result. (1]

10n + 36 g(n) _ : .
_ -8 adratic pol al

(iii) Show that E(S) —— and Var(S§) TSPt d) where g(n) is a quadratic polynomi
to be determined. [6]

@ P(s=6) =13,3}
= 2 ' - Z
x —

n+5s n+4 (n+§)(n+4)
P(S': '7') - 231 +J > {4;3.]

nes X nrd X 2 T i)

P(S=8) = i3;5,}. E513j,{4l4}

= 2 n 3 4
w5 X arg X2 T Siw X nt 4

= 4n + 6
(n+5)(nt+4)

P(8§=19) = f4,53,{5—;+_‘]
= _93 yx 0 X 2 = _én

n+s n+4 ~ (n+5)(n14)
P(S=10) = (5,5}
=_n_, n=1 - n(n=n
nt5 nt4 (n+5)(n+4)

IR RN ENNE RN
12

f(g- 2 4n + 6 én n{ n—1)
-r) (nt5)(n+4) | (n+5)(+4) | (115) (nt+4)|(n+5) (v +4)| (0+5) (n1+4)
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(D) When n=|, P($=10) = 0
itis not possible for S to be 10 as there is Oaly
| ball numbered '5 "’ .

- B 12 4n + 6
E(s) = b X(nf'.‘.i')(nf-f) t ?'x (n+5)(n+4) t 8 x (n+5) (n+4)

én n{ n=1)
P 9X ) T 10 X sy one s

= 12+ 84 + 32n+ 48 + 54n + 10n(n-1)

(N+5)(n+4)
= |44+ 3F6n +ion?
(N+5)(n+4)
= (I0n+36)(N+4)
(n+5)(
= Ion+36
n+ 5
Var(5) = E(5*) -[E(S)]°
= 2 ‘v 12 ‘g 4n + 6
b thr!)tnﬂ) t ?'X (n+5)(n+4) t 8 X (n+5)(n+4)
2 €n 2 -1) |0n+36 .
t 9X (nNt+5) (h14) T 10 X (nnfng(nﬂ) _[ n+ 5
= 321588 +256n+ 384 + 486N +100n’-100n  (i0n+36)*
(Nt5)(nt4) (n+5)?
= 1044 +642n t100n*  100n*+ F20n + 1296
(nt5)(nt+4) (n+5)*
< (nt5) (1044 + 642n +100n*) — (n+4)00n* + 320n+1296)
(n+5)2(n+4)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



= 10440 +642n* + 10073 + 5220 + 3210n+ 500n* — LOOT® — #200* — 12967
- 400Nn?* - 2880n — 5184

(nt5)*(n+4)

22n*+ #8n + 36
(n+5)*(nt+4)

Hence, 3(!1) =220+ #8n + 36

= a(ln*+39n + 18)
= 20lUn+6)(n+ 3)
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9  Many electronic devices need a fan to keep them cool. In order to maximise the lifetime of such fans,
the speed they run at is reduced when conditions allow. Running a fan at a lower speed reduces the

power required. The following table gives details, for a particular type of fan, of the power required
(P watts) at different fan speeds (R revolutions per minute).

Fan speed (R) | 3600 | 4500 | 5400 | 6300 | 7200 | 8100 | 9000 | 9900
Power (P) | 022 | 034 | 0.52 | 0.78 | 1.06 | 1.48 | 2.04 | 2.64

(i) Draw a scatter diagram of these data. Use your diagram to explain whether the relationship
between P and R is likely to be well modelled by an equation of the form P = aR + b, where a
and b are constants. [2]

(ii) By calculating the relevant product moment correlation coefficients, determine whether the
relationship between P and R is modelled better by P = aR + b or by P = aR* + b. Explain how
you decide which model is better, and state the equation in this case. [5]

(iii) Use your equation to estimate the speed of the fan when the power is 0.9 watts. Explain whether
your estimate is reliable. [2]

(iv) Use your equation to estimate the power used when the speed of the fan is 3300 revolutions per
minute. Explain whether your estimate is reliable. 2]

(v) Re-write your equation from part (ii) so that it can be used when the speed of the fan, R, is given

in revolutions per second. | (1]
@ \ fower (P)
3-0
e

2-3

2.0 | B

-5 =y s

|- 0 | <

&

0-5 -1 e

®

300 4500 5400 €300 3000 8100 7000 9900  fan Speed
(R)

As R incuegqses , P in ueases at an inceasing rate , hence
IT i$ MEKC‘Y to be mnde”ea' by P.“': qR + b whfj is a ’MBM‘ mpdel_



@ for P=aR+b: For P=aR*+b:
r=0-169 r=0-713

Since |v| between P and R is closer to 1,

P= aqR*+b is a better model.
By &c- P= 2'845-}){ 10-8 R’- — 0-2826|

- P=2-85x10°8 g* — 0283

Nhen P =0.9:
0-9= 2-8457¥ x 1078 R* - 0-2826
R1= 4/553788-94
R = 6446+
= ¢450 rev/min-
The estimate is reliable because P=0-9 is within the data m.nje
of P, aad also the |r| value between P and R* 2 |.

(v) When R= 3300:
P=12-8453x 1078 (3300)* — 0.2826)
= 0-02728%F
= 0-0213 watts.
The estimate is unreliable because R= 3300 is outside the data range
of R (extrapolation).

® i min = 60 seconds :
From patt i, P= 2-845%x 1078 R* - 0-2326
Re,lac; R with 607 :
2 P=2-845F x 1078 (607)* — 0-2826/
=1-0245 X 104 p* — 0-2826|
P=102x 1074, — p.283
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10 In this question you should state the parameters of any distributions that you use.

A manufacturer produces specialist light bulbs. The masses in grams of one type of light bulb have
the normal distribution N(50, 1.52).

(1) Sketch the distribution for masses between 40 grams and 60 grams. (2]
(ii) Find the probability that the mass of a randomly chosen bulb is less than 50.4 grams. [1]

Each light bulb is packed into a randomly chosen box. The masses of the empty boxes have the
distribution N(75, 22).

(iii) Find the probability that the total mass of 4 randomly chosen empty boxes is more than 297 grams.
(2]

(iv) Find the probability that the total mass of a randomly chosen light bulb and a randomly chosen
box is between 124.9 and 125.7 grams. [3]

In order to protect the bulbs in transit each bulb is surrounded by padding before being packed in a
box. The mass of the padding is modelled as 30% of the mass of the bulb.

(v) The probability that the total mass of a box containing a bulb and padding is more than k grams
is 0.9. Find k. [4]

(vi) Find the probability that the total mass of 4 randomly chosen boxes, each containing a bulb and
padding, is more than 565 grams. [3]

Llet X be the mass Cin a) of one Type of light bulb. X ~N(50,1-52)

O 8y 6C:
P(40< X < 60) & |

40 =0 60
@ P(X<50:4)=0-60514
= 0.605
GiD Let Y be the mass (in g) of an empty box . Y~ N(35,2%)
Yot Yo t Yat Yo N(300, 16)

P(YitYa t Y3t Yq 729%) = 0-33337
= 0-113




G X+ Y~ N(125, 6-25)
P(124.9 <X+ Y< 125%)

n

0-126 2|
0-126 .

J

(V) Let T be the total mass of a box containing & bulb and
padding -
T=X + 0.3X + Y
E(T)=50+ 15+ 35 =140 4
Var(T) =5 + 0-3°x1.5% + 2% = 4525 31
= T N( 140, 6-4525)
P(T7K) = 0-9

BY GC ) K= |36':|'4'
= 3%

@ Tit T2+ T3+ T4 AN (140x4 , 6-4515 x 4)

P(Tit T2+ T3 + T4 7565) = 0.1625]
= 0-163
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