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1 The function f is defined by f(z) = az® + bz? + cz + d, where a, b, ¢ and d are real numbers.
Given that 2 + i and —3 are roots of f(z) = 0, find b, c and d in terms of a. (4]

The three roots of f(2)=0 are 2ti, 2-1 and -3.
[2-(a+1)][2- (a-1)](213) = O
[2% (a-i)Z -(atD)Z+ (4+)](213) =0
[2-42+45](2t3) =0

23-22-%2+15=0

Multiply both sides by @ :
az3-az*-Fazt+5a=0
By OOMP@”SOH O-F (,ng.F,uenfs

b=-a,
c= -1a,
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2  The curve Chas equationy = x> + x — 1.

(i) C crosses the x —axis at the point with coordinates (a, 0). Find the value of a correct to 3
decimal places. [1]

(ii) You are given that b > a.
The region P is bounded by C, the x —axis and the lines x = —1 and x = 0. The region Q
is bounded by C, the line x = b and the part of the x —axis between x = a and x = b.
Given that the area of Q is 2 times the area of P, find the value of b correct to 3 decimal
places. [4]

3 Bu 4C , 4= 06823278
()By 4G A 682 (B ap

(ii). J C

8

7

x=0

xX=-1 ¥ =

Given ATQJI@ = Q& Ared p
Jo wea-1dx = 2| [ #*+xa-1da

(£ +% -2], = a|[5 + % -2]S)]

(1 4 o -
(J:;T+— -b) - (-0 3'1535)

J:v( +b b -3.10465 =

B!GC b- 1-.892 or -1-353
(Rej- because b > 0.682)
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3  Afunctionis defined as f(x) = 2x® — 6x* + 6x — 12.

(i) Show that f(x) can be written in the form p{(x + q)° + r}, where p,q and r are

constants to be found. [2]
(i1) Hence, or otherwise, describe a sequence of transformations that transform the graph
of y = x° onto the graph of y = f(x). [3]

() 2%3-6%* +6x =12 = 2(x*>-321*+3X-©)
also, p{(x+9)°+ 1} = Pfx3+3x’c&+3x 9"+ 47 17 |

p=2, 39=-3 , ¢°+r=-6
z}ﬁ-l ?Hr:-g

(i), v’ _Subxas x-1: 3 (x-1)°
(1). Translation of 1 unit
aJOnj positive x- dir.

S (x-1)°-5
(2). Translation of
5 units along

negatlve Y- dir

>2{(x-1)°-5 |
SCth OF 2 urufs
arallgl fo the

y Qxis.
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4 (i) Sketch the graph of y = |2* — 10|, giving the exact values of any points where the curve
meets the axes. [3]

(ii) Without using a calculator, and showing all your working, find the exact interval, or
intervals, for which |2* — 10| < 6. Give your answer in its simplest form. [3]

(i).

o X-intercepT = (122 ,0)
(ii). To find X, - To find X2:

let 10-2%=6 let 2*-10 =6
021:4, 31:16
&7‘:‘22‘ &X """&4
o Xy =2 Xy =4
For |2*-10| <6, a <x € 4.
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5 The functions f and g are defined by
fx)=e* -4 , %€R
gx) =x+2 , XER

(i) Find f =1 (x) and state its domain.

(ii) Find the exact solution of fg(x) = 5, giving your answer in its simplest form. [3]
(1) £(20 y=e* - 4
Rf =(-4,00) et =yt4
2% = In(Yt4)

X=2Ih(Yt4)
— ' x)=Lth(xt+4), X7 -4

(ii). fj(x) =5
f(x+2)=5
62(761'2) _ 4 = h
ezx‘l"" =C,

2Xt4 =1In 9

2% =(In) - 4

X =2Inh9 -2
=(|n 3) -2
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1

6 (i) By writing P in partial fractions, find an expression for

i 1
4rz — 1

r=1

(ii) Hence find the exact value of [2]

i 1
qre—1

r=11

412~ | (2r-1)(2r+1) 2r-| 2r+ |

By cover-up rule - i ;2 , 0= -_zL

B a®l _ve ) j e o
Z' 4r2_l _ZZ_; 20=| 20+ |
T=1 r=i

i),
( o0 | _ O | L
L, 3= = 7L - 4r3-|
r=il r=i r=|
— “m i 3 '_' —l_ S | | — —I_
ol 2[ 2N+ 2,._ -1
g PO | + > .
2 27 49
1
42

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
7 A curve C has equation y = xe™™.

(i) Find the equation of the tangents to C at the points where x = 1 and x = —1.

(i) Find the acute angle between these tangents.
; - -X
(i) y=%x€

dy =x(-¢) +(e”)1)

=e*(-%)
When 1:=1,5=zl: When xX==1, y=-€
=0 %= 2@
. Equation of tan ;em‘: Egﬁuaﬂon of tangent :
{ a2 y-(-e)=2e(x+1)
J_ ¢ y=2ex te
(ii) y=26% + €
€
A8 y=‘<'§
A
ik
2
e
Tan 6= ~ I
© = +tan™' 2€
= 39.6°
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8 (a) An arithmetic series has first term a and common difference 2a, where a # 0. A geometric
series has first term a and common ratio 2. The kth term of the geometric series is equal to
the sum of the first 64 terms of the arithmetic series. Find the value of k. [3]

(b) A geometric series has first term f and common ratio r, where f,7 € Rand f # 0. The
sum of the first four terms of the series is 0. Find the possible values of f and r. Find also,

in terms of f, the possible values of the sum of the first n terms of the series. [4]
(c) The first term of an arithmetic series is negative. The sum of the first four terms of the

series is 14 and the product of the first four terms of the series is 0. Find the 11" term of

the series. (4]

| Let first term be a,

a). k-1 = 84[2a+ (e4-1D(20)] (C). common diff. be d:
< a((zz))'(" = :2%23/:’) |Given 52'-[201'(4-*')&] =14
2%t = 4096 20+3d = F (1)
e lG'SO, a(atd)(at+zd)(a+3d) = O
sz | Consider a=0 (rej):
K=15 Consider a,+d=(_07:
= - 2
e f[I-T‘4J =0 | SubaEZ) ini’o(l%
ol | -2d+3d =+
> f(1-r9) =0 d=7
since § F0 , | - a--?_ |
then 14 =1{ Consider a+t2d=0":

T =-.-|=1 | a=-ad—(3)
Sub (3) into (1):

but
ut TF 1 -4d+3d=7%
| d: -F
_-_r:-l 5 =|4(R§J)
and f €ER, £#0 | Consider a+3d=0:
a=-3d —(4)
sn=a"('|;_;") | Sub (4) into (1)
=4 (1=c0") | -Gdd+=3_di= +

2
=éf[l-("')n]) :FE'R,JC#O. Hence, Ty = -t +01-1)(F) =63
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9 (i) The complex number w can be expressed as cos 6 + i sin 6.
(a) Show that w + i is a real number. [2]
(b) Show that 1:—;1 can be expressed as k tan%@, where k is a complex number to be
found. [4]
3—3.1' 5]

(i) The complex number z has modulus 1. Find the modulus of the complex number —
. L si '
(i)(a) W+ = (cosOtisin®) + oo risne

c0sO© +18in0@ + cos@-15ING
c0s%0 +sin*O

= 05O t isHTE + 05O - isin® = 20080

(which Is a real
number )

(b). w-1I cosO+ (ginQ — |
Wt wsO+ (Sin® *+ |

(cosO-1) + i 8inG o (cos@+1) - isin®
(Los@+1)+ L SING (cos6 t1) = isin©

(M— i5iN0 (c030-1) +isin® (cosO +1) w

(cos® +1)* + sin*©

2(siN6
050 t 2050 + | +Sin%0
215N6
2+ 2c0S86
= 18nO
| + cos ©
QA18iN30c0s3O
| + 2c05°t0 - |
LsinzO
c0s 20
Ltanz O

e K=1
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(ii). Let Z=a t bl
N a*+b? =
. a’+b?® =1

Z2-31 - at+bi-3i
|+ 302 1+ 3i(at+bi)

=a+(b-3)
(I-3b)+3al
|z—3LI — | at(b-3)L ,
I+3iZ (1-3b) +3ai
= Al a*+(b-3)?

Al (1-3b)* +(3a)?
= Ja*+b*-6bt9

A 1-6b +9b* +9a2
= A0 -6b
N10 - 6b
= 1
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10 A curve C has parametric equations

x = a(2cosf — cos 20),
y = a(2sinf — sin 260),

for)0 <6 < 2m.

(i) Sketch C and state the Cartesian equation of its line of symmetry. [2]
(ii) Find the values of 8 at the points where C meets the x —axis. [2]

(iii) Show that the area enclosed by the x —axis, and the part of C above the x —axis, is given
by

6,
f a*(4sin“0 — 6 sin 8 sin 20 + 2sin“26)d0,
0

L

where 8, and 6, should be stated. [3]

(iv) Hence find, in terms of a, the exact total area enclosed by C. [5]

(i) (ii). When © =0,
x=a(2-1) =q
y=u

when 9’-"”/
Xx=a(2~-1)==-304
4<=0

when ©=2T,

. C meets the £-axis at
6=0,T and 27N

(iii). Given Xx=a(Rcos@- c0sO)
% =a (-2sin© + sinQO)

. - [ X2 i :

. Areg 'fx, Y dx =j9=%r(asm9- Sind0)- a(-A5inO@ 1 Asin 368)4O
:J;:a,z (-4sm‘6 t65inBsin20 - 93:‘0299) dO
:jg a’ (45in°0 - 6sin@sin26 + Asin>*2Q ) dp .

Where 8= and 6,= 0O



Gv). a‘j: (2-2c0s26) — €sind(2sinO cosg) + (1 - cos46) de

.-_.-azfg 3-200520 - 0546 -128in*6G cwsB d6

= _ASinRO _ sin4Q 12 5in30 17T
a ['39 <z 14. N g JO

=q [ 31 -0]
= 37a’ 59; wnits .
Since areq above x- axis = area below x-axis,

t+otal area enclosed b)/ C = 6" 33- wunits .
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11 Scientists are investigating how the temperature of water changes in various environments.
(i) The scientists begin by investigating how hot water cools.

The water is heated in a container and then placed in a room which is kept at a constant
temperature of 16°C. The temperature of the water t minutes after it is placed in the room
is B°C. This temperature decreases at a rate proportional to the difference between the
temperature of the water and the temperature of the room. The temperature of the water
falls from a value of 80°C to 32°C in the first 30 minutes.

(a) Write down a differential equation for this situation. Solve this differential equation
to get 6 as an exact function of t. [6]
(b) Find the temperature of the water 45 minutes after it is placed in the room. [1]

(i) (a). let @°C be temp. of woler at any Time t mins after it is
placed in a room.

40 _ _k(0-16) , where Kis a positive constant -

~0=16tAe"
Wwhen t =0 mins, 6= 80°C: 80=16+Ae°
A=04
when t =30 mins, 6:=32°C: 32=16t164¢€
64e7%9% = I
e'3OK - i,
-30K =In%&
360 %

-30K

I

K
Hence, 9' |16 + 64 eé’— In#)t

= 16 Jre'ffez-"""'“‘jE
= |16 + 64 e"’"(*)“’

= 16 + 64 (F)%

(b) When t =45mins, © =24°C
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(ii) The scientists then model the thickness of ice on a pond.

In winter the surface of the water in the pond freezes. Once the thickness of the ice
reaches 3cm, it is safe to skate on the ice. The thickness of the ice is T cm, t minutes after

the water starts to freeze. The freezing of the ice is modelled by a differential equation in

which the rate of change of the thickness of the ice is inversely proportional to its
thickness. It is given that T= 0 when t = 0. After 60 minutes, the ice is 1 cm thick.

Find the time from when freezing commences until the ice is first safe to skate on. [6]

(ii). Let T (em) be the thicKness of ice t (mins ) after the water
Starts To freeze.
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P(2,2,%)

NORMAL
&

S (-5, -6, -7)

A ray of light passes from air into a material made into a rectangular prism. The ray of light is sent
-2

in direction (:g) from a light source at the point P with coordinates (2, 2,4). The prism is placed

so that the ray of light passes through the prism, entering at the point Q and emerging at the point
R and is picked up by a sensor at point S with coordinates (-5, -6, -7). The acute angle between PQ
and the normal to the top of the prism at Q is 8 and the acute angle between QR and the same
normal is [ (see diagram).

It is given that the top of the prism is part of the plane x + y + z = 1, and that the base of the
prism is a part of the plane x + y + z = —9. It is also given that the ray of light along PQ is parallel
to the ray of light along RS so that P, Q, R and S lie in the same plane.

(i) Find the exact coordinates of Q and R. [5]
(ii) Find the values of cos 8 and cos (.

(iii) Find the thickness of the prism measured in the direction of the normal at Q.

Snell’s Law states that sin & = k sin 5, where k is a constant called the refractive index.

(iv) Find k for the material of this prism. [1]

(V) What can be said about the value of k for a material for which g > 6?
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O Ay :0=(3) r2(2) AR L g ox=(E)rp(), peR
Top plane : er-(E) = 1, Bottom plane: ﬂ:L-(E):—Q

To find Q :

(3:8)-(2) =

2+20+2+3xt41t06A = |
1A= =7

(i) ﬂgle between 4?2-5 and normal :

(8)-(1) =N4143 cos 6
- s 6 = ;;\IB . HZ‘IF

=3 =33/l 8/l -45/|| g (1
Qﬁ = (‘3"-]/”) - (‘/“ . -40/“ = ..lT 3
23/l 2/ ...25/" 5

Angle_betueen SR and normal :
()-(}) = 7085 cos
22

. - - 22J510 _ 11510
« BO5P T F 510 255
Gid. g - (9] = | % (&) ()] - 52
. - J‘% B 1034_3 units




Sin [ cos™" 1J5i0

255

- 0.42056
0-225+49

:



