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1 Afunction [is defined by f(y) = v+, The graph of y = f(x) passes (hrough the points
|
(1. SYand (-1, ~3). The graph has a tuming point at x = 1. nd]’ f(x)dy =
L

M: 5=at+b+c+d —()
Sub E,-3) ino £(X): -3=-atb-ctd —(2)

£'(%) = 3a2*+ 2bx + C

when %=1, f'®)=0 : 0=3at2bt c—()

iven J:, f(x) dx = 6
[“—Z";+""+ cx +4x]

T'l"'b"l' +d =
3a+4b+60+|z¢-—12—@
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2 (w) Skeich, on the ~S5land y = v - |,

tl;.plfl

A 3"21"

(b) Find the exact solutions of % - 5| =2¢ -1,

Finding x-wordinale of A: Find ig X~ wordinale of B

Let x-5=2x~| let 5-x2 = 2X |
x'-2x-4=0 2*+2x -6=0
X = 2 + N4-4(-4) X = =-2% ‘__\] 4-4(-6)
2
=2x2]J5 = -2+ 207
2 2
= 12 J5 = -1z JF
= |+J§ = _|+ﬁ
('.' X >ﬁ) (.'. x) .:zl.)
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3 Acurve has equatic 3, forx > 0and vy > 0.

dy

(1) Show m:—- () 12

Given %"1' i =3

differentiale both sides wrt X:
Ly +é3'*§‘§ =0

[4]
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Do not use o ealeulator In answering this question.

The complex number z is given by

(cos( ) + i sin( (1) .

2= - cm(,l‘ﬂ"'"'"“‘n]
(a} Find |z] and arg(z). Hence find the value of z°. 3]
E)? 1 I
6"/‘3" 2= S'P'g 'l'lsinﬁ)l = (8 : = !E . = clgflg = e'*
Lsg —Lsing (ei'%‘ ci"su

.1n\2 - .
2=(63) = e% = T risnF =i

I D UCLES & MOE 200 ﬁ OTARMNI AN l
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{b) (i) Show tha
(cos@+i1smm@)(] +

LHS = 03B t cos’O -Mﬁsing-f | sinBa@s0 + sin’6

= 1+c0850 +15N6
= RHS

g_iﬁino)=l+cmﬂ+isinﬂ. (2]

. 2
(ii) Hence, or otherwise, find the value of (1 + 2+ (1 +2°)°. (2]

from b@): ZU+Z%) =1+ Z
herct O+2)4 + Qez*)?

=[zar2%)]* + 0+2*)*
z4 1+ 2%)* + (1t 2%)*4
(1+ 2%)* (1+ £4)
(1+ 2%)% (0)
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T :

3 (0) Expresg ————— — ial fractions. [3]
pres (v 4+ 2)x+3)(x+4) WIS

x . B C
l’-t(x+z)(x+3)(x+4) T Xt2 ¥ xt3 T xXt+4

= A(X+3)(x+4) + B x+2)(xt+4) + C(XT2)(X+ 3)
(x+2) (x1+3)(xt14)

Comporing the rumwo«iivrs:
Su?x=ja 2 =3=8600)

<~ B=3
Subx=-2: -2=A0)2)
s A=~
Sub x=~4: -4 =Cc(-2)¢l)
200 s =g

X = 3 2

’ (xt2)(x+3) (xt4) - t2)  (xt3) (xt4)

O UCLES & MOF 202| VTSRDIWN2 I
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(b) Henee find, in terms of 4 — [3]
- (1 ¥ 2

(¢) State the value ufz Feredre )’ (1]
re=|

J R
As n—00 , n¥3 0, 77¢ — 0

L l _ & oL
6 +YH‘3 N+ 4 1 6
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A curve ( has caquation y = : =, where a > 0,

Vday - x°
. : . ropriat
(@) Sketch € and give the equations of any asympiotes, in 1erms of a where appropriate. (4]

PO
J IJ x(4a - %)
Verticad as#mfu fes :

x =0 and X=4a

l

&
I
o

T PIfYE VR IYT Y Gkl W el & e s s
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() Find the smallest Possible value of v ain terms of 4. II |

When x=2ﬂ, | |

Va2

|
() Desenbe the transformation that maps the graph of € onto the graph oly = <puy ; 3]

| vy Lt I
U P 3 3 o y 3
:sl 4ax - X ~|4a (x+2a)-(Xt+2a)

|

N 49Xt 8a-x-4ax=4a"
j

e

tramlodion of 2a wnils in Hhe
neﬁd%e x — duee tion.
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(-

7 Itis given that y or-l<y<l.
(n) Show thal (1 —t']%;—r :_t:jl—‘: + V.
. e
Given g e x
© hy= sin~!x
é&‘ Matm:&, both sides w-r-t X:
J NI -2

NT- 20 %4 =y ®

@ 'Il)ﬁ; s Z% = Y (frampwt®)
(|-x*)jgi-xﬂ- + ( shown) .
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(b) Find the first 4 terms of the Maclaurin expansion of s,

iﬁéuutiai& wr-t- X ﬁw pot @:

G e et B

When X =0,
£(0)=g*in"0 =
'Fl(o)= ,\("_0 o
£Ho)=0+1 =1
£2(0)= 1t =2

s n=!
¥ 681” x='+ x +-2Lx2 + .3'.13_!_ —

| O UCLLS & MOE 2021 b DTSDIAWN2I
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The lines /, und /, have equations

) = o)

respectively, where X and g are parameters.

-—

() Find a cartesian equation of the plane containing /, and the point (1. =3. =), [4]

woths dicction vecor = (3)-(3) = (5)

(b) Show that/, is perpendicularto/,.

) () e5-s14-

ﬁ; I$ [w,enabuiw to L2

&
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miiimmy, - 00 - 00 .

(c) (i) l?im.l values of A and u such that r, - r, is perpendicular to both /, und /;. State the position
vectors of the points where the common perpendicular meets /, and /,. (6]

A o
nhi=-T2= (itg).) -( ,4:5.;)
A ~3t4p
- [T+2A-
- ( | -;1- !;t)

3tx-4

1+2A -
( | -3~ [;L).(-g) = 0
Jtx-4pu l

14141 -Qpu-3+Ntept3 +A 40 =0
141 +14 =0

F+2Al-p+2-64 ~4p ti12t4A-16p = ()
-u'”’A +2] =0
p=1

When 4==1: 3\ _(Z '
intersection betw. ri-72 and £ = (zo)-( ?) - (?;)

%ia:*n‘u:bctu- -T2 and £2= :;) "(i) 3 (‘?3)

(ii) Find the length of this common perpendicular. 2]
8)-(3) = (2)
(-n) Y

" 2 2 1 [9)3

B =A%t 2
= nJ24

=‘W?wdﬁ:
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A function { is defined by f{v) = ¢'cosx, forO € X < "51

ine i tre. 5]
(n) Using calculus, find the stationary point of f(v) and determine 1S na

y = *wsa
'jﬁi = e%sina) + wsx (e*)
= eX (wsn-sinX)
let % =0 , = wsx-sinx=0 (- €*70)
tonx = |

x=F (given 0€x < y

us:'nj ISt derivativg test )

(¥J ‘EE*) IS & maXimum por'n‘f'-

(b) Integrate by parts twice to show that

J.c:' cos2vdy = %::l'{sin 2y + cos 2x) + €. [4]

Ll u=cws2x Aetdv=e?*

2X
%f--zsmza: v = =e

Let wy =sin2X  Jdet dv, = 2%
5‘#=2w527£ vi=de

je”‘ oS 2X dx = %e‘stzx +f e* sin2x dXx

o zc”‘ws 2x t [26“4‘::12'1-‘[ e"‘wszx da:]
.-.Zjeuwﬂx dx = s s 2% t ze”‘smzx

e wsax dx = e ws2x + e *sinax + C
. #c“(smzx T+ WS 21) + C (shown) .
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(¢) The graph of ¥ = f(x) is rotated completely about the x-axis, Find the exact volume generule ‘:41

Z 2
Vol-=‘rrj e**ws'x dx
0

= -"-J‘E X [I'I'DOSZXJ dx

"-“Jn e ix + I[* e™wosax dx
[ ]"" +1[4e sn2'x+wszx)]

= F(Em-)rgte"-)

= L[2e"-2-¢"-i]

= 5(e"-3) waits®
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10 Scientists model the number of bacteria, N, present

* 0013535100318 °

LTI

at i time ¢ minutes afler sething up an tiamnnwnt_
the number of bactena is kN, for some

found that there are 300 bacleria at time

The model assumes that, at any time #, the growth rate (n
positive constant X, Initally there are 100 bactera and 11 15
t=2.

avolving N, 1 and k. Find k and the tme it takes

4]

(a) Write down and solve a differential equation |
for the number of bacteria to reach 1000,

j—g-.-kN
J & dN=[kdt
IhnN = kt +0
When t= 0y N=100: 100 = C
When t=2, N=300° Inh 300 = 2K+ In 100
QK =In 3
K=2hJ

Ih 1000 =G 3)t + In100

(£ih3)t =110
t = 4-19 mins

Whea N= 1000 :

The scientists repeat the experiment, aguin with an initial number of 100 bacteria. The grfawlh rate,
LN for the number of bacteria is the same as that found in part (a). This time they add an anti-bacterial
solution which they mode] as reducing the number of bacterin by d bacteria per minute.

(b) Write down and solve a differential equation, giving 7 in terms of A" and . Hence find N in terms

of t and .
dN _
dt
B R
"r G‘n."l)N -d
I _(‘:‘i In3)
ih3 J&h3N -4

':3 In I (in3)N-4 I

Whea t=0, N=100

dN

N

212 g I [EW)N-d| -

In3

Ly
i

l © LCLES & MOE 2021
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Gh3IN - d

[ 4t

ttC

=t+0
p 4
mln‘faln3-4‘

2
in3

: C

In |501n3-d|

In

(Z/n 3)N=-d |
§50ind - d

_
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N 3

i | N3 =24 . Nin3 24‘l - eﬂ,g_
'tT "] 100in3-2d 100103 =2 .
Ang=2d| _  t3 Nin3 -ad= X3 [1003- 2d]
|l001n3 2d| - t_a_ Nind = c-t%"-s(lomna -Zd) + 2d
Nin3-2d4 - + In3
100In3 -24 C Ci;_(|00|n3 Zd) +24
Given N=100 when+=0: N= n3
we reject = tipd
(¢) () Find the range of valucs of ¢ for which the number of bacteria will decreasc. (1]

_ 3
since €% >0 1001n3 -2d €0

2d 2100 3
d?50inh3

(ii) In the case where d = 58, find the time taken for the number of bacteria to reach zero. |2

Cﬂ{'} (1001n3-24) +24
N= In 3

0=e2 (1001n3-116) + 116

eﬂ"'é (100103 -116) = =116
Ct‘z‘ 18-896

thl = 29389656
~ 1t =535 mns
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11 Cwvil engineers design bridges to SPAN OVET EXPressways. The diagram below represents o brndg:
an expressway, PS.

Expressway

In the diagram, PQ and SR are parallel 1o the y-axis, and PQ = SR. The arch of the bridge. OR, |
part of the curve OQRC with parumetric equations

Xx=qa(f-sin0), v=ua(l —cos 8), for0 € 0 < 2n.

where a is a positive constant. The units of v and v are metres.
Atthe point @, @ = f and at the point R, 8 = 2x = .

(a) Find, in terms of @ and f. the distance PS.

1-wordwsle of P = 2~ Cotrrdirale of &
= a(p-sinp)
X- oordvatr of § = x-wordinsle of R
= 4,[211-p - SIn (ZW-P)J
= a[(2-p) - (-sinp)]
=a(2m-ptsinp)
Lenﬁfh of PS = a(2W-pt sinp) — a (p=sinp)
- <4l -2ap + 2Asinp
=2a(m-ptsinp)

I O LCLES & MO 2021 YISNOIAUNT )
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(b) Show that the area of the shuded region on the diagram, representing the area under the bridge, 15

La* (6r - 6 + 8 sin B —sin 2[3). (6]

x= a(0-sinb)

t 4 = a-acwsd = a(i- s 6)

Ls
Am: xr y Jx

: |
= J' sl 2 a( |- cos 9) + a()-cos6) 46 2:;::?:%%4'

P
- dzfz:_P |- 25O + ws* 6 46/ * 05 0= wgf*"_

- afj";'" |- 20058 + 4c0s20+7 dO

= a,‘fm'P 2 -2005€ + 7 0526 4O
= a° [.3.9 -25@ t #'-Sm 20] ;‘H’-P
= a*[3(2m-p) - 2(-sinp) + # (-sinap) = 3p
+ Qs’inP - # Sinlp]
= Ql [ 31‘[-3P + 4SM.P - i‘sinZP]
s %ai(‘u-gp-}- BSinﬂ - SMZP) (shown).

(c) Itis given that the arca under the bridge, in square metres, is 7.8159¢*. Find the value of 8. [1]

3N-3p t 4sinp - 2 sin2p = ¥.8151
ﬂ GC: P= 1-9000021
=1-90

I OISR AN
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11 |[Continued]

iind the greatest and least heights of the arcy,

[4]

(d) The width of the expressway, P§, is 50 metres. I
OR, above the expressway,

From Put(U: PS= 2a(M+ sinl-90 - 1-0)
50 = 2a (W + sini1-90 — 1-90)

Q= I1-4265

Since y: d,(l" ws6)
= (|- 4265 (1- c05 8)

Grealist y= 11-4265 (1- ws )
Sad-Tm

Lesat y = 114265 (1= wsp)
=11-4265 (l- ws 1-90)

=15-Im
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