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2 1
5

IFind the exact equation of the tangent to the curve

5 Iny = (11—5x)°

% at the point where x = 2. 51
' Stepl: When x=2, Iny=0I-10)"

: - y =€

E o

: Stepl: pifferentiate wri x Iny=(11-5x)°

: —:'j— 44 = 2(n-5x)(5)
% —é— ﬁ = -10(n-5X)

when X=2,y=@: = = -10(11-10)

5 %xh -10e

Step3 * Equation of Tangent :
g y-e = -l0e (x-2)
g y-e =-l0ex + 20e
E Y= -l0eX +21¢

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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2 The first four terms of a seque ce are given by u, = 10, u, = 61, u, = 206 and u, = 469, It is given
that »_ is a cubic polyno

(a) Find u_ in terms of n. [3]

Let Un= an’+bn’+ cn t4
o=atb+tctd —O

61=8at4bt20td —@
206=atat Abt+3ctd —®
469=¢4q t16bt4c+d —@)

By 4C: a=4, b=23,c=~46, d=1
~ Un=4n>+23n*-46n + 29

(b) Find the range of values of n for which #_ is greater than 25 000. [2]

Let Un 7 25 000 4n3+23n7‘_4é'?+23

Wn
2k 25000

| 'A%
16-869

by 6C: n 2 17, ne 't
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3  Vectors a and b are such that a.b = — 1. It is also given that (axb+ a) is perpendicular to (axb+Db).

* 0018418944405 *

||| - .

(a) Show that |axb|=1. | _ _ [3]

laxk|+

[axb|* +

o y |

*laxkl 2
jax bl

/
. a '

(axb) is perpendicul
| to both & and

(b) Hence find the angle between the direction of a and the direction of b. [3]

a-2="1 igx2| = |
allb| cos @ =-1 —) 1dlikl sino =1 —2)
@) tan® = I ”

@ ~ 0=135° (obtuse angle)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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4 (a) Findfcﬂs pxcos gxdx, where p and ¢ are constants such that p # g and p #—q. 2]

Jtos px cos qx dx

=1[2spx cosqzx dx

=L cosptx + ws(p-9x dX let AR =px
zf .s i . 3 At B=2px —

=4 [SiNCPHQIX 4 sin(p=QIX | +C o 4sp =qx
(ptq) (p=9) A-8=29x —(2)

Solving simuttaneously ,
A=(ptx , B=(p-Px

COS

= + ¢, where ¢ is an arbitrary constant.

(b) Given that n # 0, show that fx cosnxdx == 5': i 4
3]

Integration by Parts:

| $In NX
fxcosnxd.r:‘ X sm;ax -J mn dA Le,’rdw-x
U -
— XSinnx [-w.snx]fc dx =
n n* Let dv = s X
= I51r1|1nx + wsn?lx + C V= ﬁ_ﬂ-ﬁ'ﬂl

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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n
(¢) Using the result in part (b) show that, for all positive integers », the value of f xcosnxdx can be
0

expressed as -%, where the possible value(s) of k are to be determined. 12]
n

n m
f xcosaxdx = [X'smnx + i rLX]
0 n 0

= T sinnw + cwsnlt 0 —
n n*
= 0+ s _p - L
N3 n*

s NN =1

n.l
- "21 or —0—,_
I | N |
(whea n ( when n

IS 0dd) is even)

(d) Using the result in part (b) find the exact value of J-Elxcns 2x|dx. [3]
0

{ from part (b :
s nx dx

xsinnX + wSsnNX + G
7 n*

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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5§ (a) Use the method of differences to show that Z In
r=2

= 1n(2) ~1n2 [3)

Z]ﬂ (r— l)gr+ 1)
r=2 : d

nl =2In2 +1h2 +hhn+h@m+)-2lan
~lad =lan + In(n+1) :
lw(n%') —In2

nn n

THE ANNEXE PROJECT
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(b) Show that the corresponding infinite series is convergent and state the sum to infinity. 2]
In ("; ) =la(1+ )
= S8
A N — 00, In (1 4+ -n) — In |

=0
Hence, as n — o0 , lrv(n%'l) -Ih2 — -InZ
The infinite series is convergenl as it
wonverges to a wnsteat , i€ -In2 .

SaD = -Ih2

20
(¢) Show that Z In

— D +i)] whelc and b are integers to be found. 2]
r=10
" 20 L ' g
l & e 1+ 1 (r<1)ir+l)
Z g s )(r ) - Z ln{-(’ )(F )| Z [nl 2
=0 r=2

ool (ko)

where a =189, b= 200

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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6 (a) Using double angle formulae, show that cos’6 = -;—(cns 40+4c0s26+3).

i

st 6 =(cos* 0)”
=(OO$29‘|' |)2
y A

10

= | +2005208 + ws’26

. #(l'l- zwsz;r + [Q"—Aff“])

=3 (1+2w0s26 + 3+ ws40)
=2(2140s20 + | + 0s40)

=1 (w0540 T 40520 +3)

" Double Angle Formula |
| ws20=2ws*e -1 |
{2 050 = c0s20 t |

(b) The region R lies in the first quadrant and is bounded by the curve y* = (9—x%)°, the x-axis and

the lines x = 1.5 and x = 3. R is rotated about the x-axis through 27 radians. Using the substitution

x = 3sin 0, find the exact volume generated.

R= Trjx=3 )’1 d xc

X=I5
= ’ - Y* '.;'
m[ (1-x%)% dx

= 'ﬂjg
I

(- 95in%0)7- 3 cos 6 46

” T’j; 131(005*&)':1 . 3 tosb d8

- “fg 81 cos48 46

1
= _s__l__‘l_TJ’(cos‘!B'i' 4c0520+3) d6
8§ J e

= 3IM [ sin48 45in26
8 [ 4 " 2

+36J§

=8 oro+df)-(B +55+])]

. B—'Sl(?[ - 1—‘9—) unifs!

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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x=3s8nb
ﬂ% =3 cos €
when x =I5

1-5§ =38inb
3inb =%
. = 1r
.. B 6

When x= 3

3= 38n6
Sin@ = |

2 0=

i
Z
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7  The function f is defined by

fix— |25, xeR,  x#3.
(a) Sketch the graph of y = f(x), giving the equations of any asymptotes and the coordinates of the
points where the curve meets the axes. [3]
Y
E Z(0 4
'3)
‘ x
(" 210)
X=3 -2
When y=0, 2x+4 =0 ~A13 )zx"":
x=-2 —(zx s )
10
nx=0, y=4
e ’ 3 'FI_7"2+ al?.x
as X —2 £00 )
f:x —>|-2| =2
(b) Hence state the range of f. [1]
Rf = [ 0, m)
(¢) Explain why the function f % does not exist. [1]
Since Rg & Df , ¥ does not exist.
® RF )
< | ? QL;

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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The domain of f'i

13

L

s further restricted to x < a. where a 1s a constant.

(d) State the greatest value of a such that the function f ~ exists.

a=-1

(¢) Hence find f~' (x) and state its domain.

When X £ -2 |
.F(‘];) = =f 2X+4

3:

33 - Xy = -2X -4
2X =Xy = -4 -3y

25

-2x —- 4

3 =X

X = ‘3:3.3_

]
ok

J

4+
y-7

=57 0<x<2

THE ANNEXE PR
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Do not use a calculator in answering this question.

(a) (i) Express z, where z =—1++/3i, in the form re'®, where » > 0 and —n < 9 < 7. 2]

(i) Find the smallest positive integer value of » such that iz_:‘ is purely imaginary. 13]
1‘] = ‘zln s 2" - 2""'
1* | 2¥%| 2
¢ n . %
a (i ) = aqZ - arq L%
I‘j Lf* IB 3 ) x
=na[3i —[agt G.fj Z J

= Sy _2__1]'_ =
2n3n = :g_ ( 3) E
6 2

= % (4n+1)

P A N [cos t(4nt) + Lsing(4nt I)J %
LE* E
For ~3% to be purely imaginary
s T(4nt) =0 . A
By trial and error,
smallest positive $ p— =&
n= 9 2 2 2

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(b) Find the complex numbers v and w which satisfy the following simultaneous equations.
2v+|w|=1
Jv—iw = —3+4
Give your answers in the form a+1b, where a and b are real numbers. (5]
2v+|w|=1 @

3v—iw = —3+4 @

3 [J 'zlwl] -iWw=-314i

3-3|w|-2iWw=-6+8I

let w=a+bi:

3 - 3|atbi| -ailatbi) = -6t 8I

3 —3Y¥a*+b* - 2aL + 2b = -6 *+ 8|
(3-340"+b* +2b+6)+ (-2a-8)L = 0+ OL

ﬁy wmparison of wefficients:
-20-8=0
2= -8
a= -4

+3-346+b*+2b+t6=0
3J161b® = ab + 9
q(6+b%)= 4b*+ 36b t+ 8l
5b>-36b + 63 =0
(5b-21)(b-3)=0

=% or 3
|—[-4t 5] 12
Wwhen W=-4+%i, v= 2 -5
When w=-4+3i , v=I=T43 o _,

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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9  The line /, contains the point 4 with coordinates (—3, 1, 2) and is parallel to the vector ( 1 ), where a 18
a

, : — | ; .
a constant. The line /, has equation * _; 2=2 5 =z—35.Itis given that [, and [, cross at the point B.
(a) Find the value of a and the coordinates of B. [5]

(112 = (343E)

2 tal

-3+2A=-2+3

2\ = |+3£ ®
1+ A= 1+24

A= 2 @)
2t aA =5+ @)

Sub@) into(1): 2(2p) =1t 3p

w =
A =2
Sub p=1,1=2 into (3):
2+ 24a=5+1
20 = 4

a=2

=3 -~ |
- 0B _:( 3 20) ) _ (3)
2t 2(2) 6

coordinates of B = (1,3, 6)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(b) The plane 7, contains the point 4 and is perpendicular to /,.

(i) Find the shortest distance from B to 7,.

Let the shorfest distance of B

3

1
_—
=
D
—Nw
S—

- % uni'l's (535 uni'l's)

(if) Hence find the acute angle between /, and 7,. (2]

(3)-(3)

= sin”~
J9 V4

= 63.0°

(¢) The plane 7, is perpendicular to 7, and contains /, . Find a cartesian equation of 7,. [3]

n=(1) x(3)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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10 The mass of a person depends both on daily rate of energy intake and on daily rate of energy expenditure.

!n this q_uestinn, mass is in kg, time is in days, and energy intake and energy expenditure are measured
in Calories per day.

The rate of change of a person’s mass with respect to time is proportional to the difference between
energy intake and energy expenditure.

Andrew has a mass of Mkg and his energy intake is fixed at C Calories per day. For every kg of his
mass, he expends 30 Calories per day. '

dM Co
(a) Show that F s k(C—30AM), where ¢ is time and k is a constant. [1]

Since Andren’s mass is M kq, his energy expeaditure
perday = 30 XM = 30M

Given, %% a (C—30M)

. % = k(C-30M) , Kis a constant

Andrew’s initial mass is 110kg.

(b) Find the energy intake such that he maintains his mass at 110 kg. [1]

When M= 1l0 Kq 5 ﬁ'%[ = ()

. k(c-30(110)) =0
C = 3300 calories/da

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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As part of a new health plan, Andrew fixes his energy intake at 80% of the value found in part (b).

(c) By solving the differential equation in part (a), show that Andrew’s mass while he is on the plan
satisfies the equation M = 88 +22¢ %, [4]

C=807 of 3300 = 2640 mlaries/day-

i'e' j’g = K(2640—3OM)
= 30K(88 —M)

J gg-m M= 30“1‘”’

~In|88-M| = 30Kt + C
In| 88-M| = -30kt — C
88-M = t e-mxt—c
= ie‘c_e-SOKt
= Ae"30Kt  (yhere A= €79
- M= 88— Ae-30Kt

Whent =0, M=10 ki:
110 = 88 — Ae°
A= -21
Henee, M= 861 226-30Kt

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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10 [Continued]
Andrew’s mass after 75 days on the plan is 100kg.

(d) Find the number of additional days required on the plan for Andrew’s mass to fall below 96 kg.

[4]
Step | : Step Z -
When t= '7'5} M=100 KJ_ M= 83 + 22 C"'30(0-00026‘|3‘Dt

00= 88 +22¢°005K)  qp =88+ 2279-0080815L

12 = 22 @ ~2250K p-0-0080818% - 4
pa260K = & I &
T -0-0080818t = In
-2250K = In 7 -
=125-1
K= 0.00026939 t 7 days

Hence, additiondl days = 126 — #5
= 51 days

(e) (i) Sketch a graph of Andrew’s mass while on this plan. Explain why Andrew cannot achieve a
mass of 80 kg using this plan. [2]

M/ ks

10
88 M=83+ 22€

L/ Jays

As t —> m X 6—0.008081'317 _7 O :
hence , M > 868 kar ;
Andrew’s mass will never 4o below EBKJ.

-0-00808(

(ii) State the range of possible values of energy intake for which Andrew could achieve a mass of
80keg. aM [1]
from part (©): G7 = K(2640-30M)

= 30Kk (88 —M)

ervalion , = 30 x 80
by .t ‘ ot = 2400 - 0< C <2400

g Y —
l © UCLES & MOE 2023 7 9758/01/0/N/23 I 3
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11 Wei is saving for a property that she intends to buy in the future, Wei needs to save a minimum of
$50000. She saves regularly in an account which offers no interest. She makes an initial deposit on 31
January 2021 of $4. Each subsequent month, she deposits $50 more than she deposited in the previous
month. Her final deposit is made on 31 December 2023,

(a) Find, to the nearest cent, the smallest value of a@ so that she saves at least $50 000. [2]

T T2 T3
| 31/01/21
$36 7 50000

36 (2a + 35(50)) 7 50000
a 7 513-89 . A min. = $513.89

Wei has arranged to purchase a property on | January 2024 with the aid of a loan of $400000. The
terms of the loan are that interest of 0.1% is added to the amount owing at the start of every month, with
the first interest amount added on 1 January 2024. Wei makes a monthly repayment of $x at the end of
every month, with the first repayment on 31 January 2024,

(b) Show that the amount, in dollars, that Wei owes at the end of » months is

400000 x 1.001” — 1000x(1.001" = 1). 3]

N amount, in dollars, that Wei owes at the end of #» months

(400000 % 1-001) —X
2 |[c400000x 1-001))-x]x1-001 — X
= 400000 (1-001)* — 1:001X — X

3 |[ (400000 ()-001)* —1-001% - % ] X1-001 —X
= 400000 (+001)3 — 1-001*x - 1-001X —X

ae% S o @

n' 4000000-00[)“— |-00|n-'x —I-00|"'1x ERNe ece -l*Ole " x

=400000 (1-001)"— X [1 +1-001 +1-001° + --- + 1-001"™"]
‘-——*w____"
sum of GP with M terms

o0l — 1-001" — |
= 400000 (1-001)" — % [ 1-001——

= 400000 (1-001") — 1000% (1-001"=1)  (shown)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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11 [Continued]
(¢) (i) Suppose that the loan is repaid in 360 monthly repayments. Find the value of the monthly
repayment to the nearest cent. (2]

Let 400000 (1-0013€9) — 1000X (1-0013€°—)) = O

x = 400 000 (1-0012%9)
1000(-00] 36% — )

= $1323.63

(i) Use your answer to part (¢)(i) to calculate the total interest paid on the loan in this case. [I]

360 (1323. 634331) — 400000 = $36508-51956
= $ 36 508-52

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(d) (i) Now suppose Wei decides to repay the loan at the rate of $1600 per month for k months, plus
a final monthly repayment of $y, where y < 1600. Find k and y. (4]

let 400000 (1-001%) — 1000(1600)(1-001%~1) < O
400000 (1-001X) — 1600000 (1-001%-1) <O
1600 000 (10015 =1) > 400000 (1-001F)

1-001%=1 ¥ 0-25 (1-001F)
0-35(1-001%) 7> |
1-00I1F 7 2
K 7 ln%
In 1-00|
K7 28%.83

. K= 287
Amt. Wei owes af end of 28F months
= 400000 (1-00128%) — 1000 (16 00)(1-001%%7 =)
=$1320.22

S Y= $1320- 22

(i) Hence find the total saving to Wei by making the repayments in part (d)(i) rather than the
repayments in part (¢)(i), giving your answer to 4 significant figures. [1]

360 (1323. 63433) — [(600x 289) + 1320-21%991]

=¢$|54988-301+3
=$15990 (4s.f)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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