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Mathematical Formulae

M

1. ALGEBRA
Quadratic Equation
For the equation ax*+bx+c =0,
_~BZ Vb% —4ac
I prm—
2a

Binomial expansion

(a+b)'=d"+ (ﬁ)a”"b - (”)a”‘zbz +...+ (”)a”"'b*' +...+b",

1

2 2

n) ! nm=1)..(n—r+l)

where » i1s a positive integer and = —
i - L— M (n—r)! /!

2. TRIGONOMETRY
Identities
sin’4 +cos’4 = |
sec’d = 1 +tan’4
cosec’4 = 1+ cot’4
sin(4+ B) =sindcosBxcosdsinB

cos{(AxB) =cosAcosBFsindsinB

tanA t+tan B
| FtanA4tan B

sin24 =2sinAcos A

tan (4 + B) =

cos24 = cos’A —sin’d =2cos’4—1 = 1—2sin’4

2 tan A
| —tan”*A4

tan24 =

Formulae for AABC

a _ b _ ¢
sind sinB sinC

a’ =b*+c*~2bccos A

N
A= Zbcsmfi
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1  Find the value of the constant ¢ such that the line y = 2x+c¢ isatangenttothe curve y = Xt +3x+1,

3]

Stepl- let X*+3X+1 =2XtC
x*+tx +(1-¢)=0

Step2: b*-4ac= 0
| —4()C-¢)= 0
| -4 +4C =0
4¢ = 3 !
c =%
2 Express (lfjll)l;;;";z in partial fractions. (5]
18+ 11x—2x" = A + 6 + C
x-1)(x+2)? x=0)  (xt2) (2+2)*
By Cover Up Rule : Jet x=1 r

18+11x-2%" = 3 4 _B + C .
(x—1)(x+2)* (x~1) (X+2) (X+2)

= 3(x+2)*+ 8(x-N(x+2) + c(x-1)

(x-1)(x+2)?
ﬁy Suwbstitudion :
Lt x=-2: 18-22-8= c(-3)
-12=-3C
. Cc=4

Ltx=0: 18=23(4) +8(1)(2)+4CI)
I8 =12 =28 -4
2b = =I0 C1B+llx-2*_ 3 _§ 4
B=-5 *r (x=1)(x+2)? (x=) ((Xt2) (x+2)*

‘ The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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cos’6 sin” 6 2
Prove that (cosecO— F)E(cﬂsccﬁ+ 1) ' (secO—1)(secO+1) =L ) E
=
= 520 sin’@ %
LHS = (cosec _CF)(CGSB{:9+1) (secO—1)(secO+1) B R 'é
= cos*6 . Sin*B . Recap Ildentities: 3
cwsec’ @ — | sec’6 — | § o 1+ Fan*0 = sec*6 §
= 0’0 . _sin*@ o 1+ ot?0= wsec“eg
= ws*6 tan*6 + cot*@sin*6 :|
(cot?*6)( tan*@) T
= usF (ﬁ”%?) (558) si>o :
™ z
8
= sin‘@ + cos 6

I
RHS ( proven)
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4 (a) Finc %(m

2x

M -

(b) Hence find f xe “dx.

fom@: [-22e7%+ ¢ dax = 2™ +C

-afxe™* dx ¢+ e‘;x

. -afxePdx = ze7* + 2™ + C

Jre"Pdx = Fe-2 - Lxe™* -4cC

= 4e"* (1+22) + 8

(where 8= -£¢)

THE ANNEXE PROJECT

EDUCATIONAL CENTRE
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The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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5  Solve the equation ;“:E ;} f::::g = cot@ for -§ S A % [6] E
056 + 4sin@ _ cos0 g

s 1 .

20056 T+ sin6 3in® :

-

5inB4050 + 45in*0 = & 0s* 6 + SinB eSO

4s5in*0 — 2 ws?'@ =0

238N0 — ws’6 =20 %
2 5in*6 — (1 —sin*6) = 0 :
3sin*6 = | %
5in*0 =3 , 5
sin 6 = :l:\(—%— 3|

STeFF Basic angle for 6= 061548 rad.
Sfepzl -I<0<%
@ =-0-6l5 or 0-6/5
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The function f is given by f(x) = ——

, for x > a, where a is a positive constant.

(a) Find f'(x). | ( D
(x-a)(2ax) — (ax”/(!
'F,(x) - ) (x....a_)i
= 2qx%-24*% — ax’
(x-a)?*
ax’-2a'X%
(x—-a)?
ax (x - 2a)
(x-a)* .

The function g, defined for x > a, has the property that g'(x) = (x—a)*f'(x).
¢ decreases for a < x < 8,

(b) Find the value of a.
Step |

g'(x)= (/xftﬁ{ ax&;:,?

= aqx(x-24)

Step2° M is given that '(x)< 0 for a<x<8.

and a 15 a Posiﬂf‘e wnsfa.nt

let ax(x—2a) <0
s %2 (x-da) <0
0 24, 0<x < 2

.Sfep3= Sinte zra and 0<x< 24 ,
hene a< x < 4
Comporing +o a< X <8 , _Aa = 8
K/ . a=4

2]

4]

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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7  Find the set of values of the constant & for which the curve y = loc* +4x+k—3 lies completely below
the x-axis., 6]

S'f'eP' : For a amve to Jie wmpu‘f‘e’y 6d¢rw 1"!6
x—-axis, K<O0.

51‘cr 2 : When a aurve lies o mp below
the x — axis, thue are No’Real Rool$ .

b*-4ac < 0
4°-4k(k-3)<0
16 — 4K +1daK <0
(Pivide both . K*-3K-470
sides bJ ""l') (K"")(K + l))o

Si'efi‘):

From +he 5raph, K<=| or K74 .
Howewer,” from step | , K<0 .
Heate, K< -=|

THE ANNEXE PROJECT

EEEEEEEEEEEEEE

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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8 Theline y—2x=12 intersectsthe curve x*>—xy+y” =63 attwo points.
Find the coordinates of these two points. [5]

y=2x H12 —O
x*-xyt+ y* =63 @

sub Q@ irto 2) :
> -x(2x+12) + (2x+12)* =63
x:-2x*-12% t 4x*+ 48X + 144 -63=0

3 +367% +81=0 '

X +122 +2¥=0
(x+9)(x+3) =0
x=-3 or xXx=-9 |j

The woordinates of the intersection points
are¢ (-3,6) and (-1,-6)

THE ANNEXE PROJECT
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A curve has equation y=1+x— 7 —2x°,

(a) Find the x-coordinates of the stationary points, 4 and B, on the curve. (4]

DO NOT WRITE IN THIS MARGIN

y= 1+ % -sx*-2%°

ﬂ&=l-x-6x‘

let =0: -6x*-x+1=0
6x*+x-1=0

(3x-1)(2xt1) =0

1
="'§ or X=3

DO NOT WRITE IN THIS MARGIN
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It is given that P is a point on the curve where the gradient is a maximum.

(b) Show that P and the midpoint of 4B have the same x-coordinate. [4]

Let gradieni- be G :
Step|: 6= 1= X —6x°

4" -| 12%

80 when X = ,% p 5radienf ls max:ran.
116+ ¥ - toordinate of P = —L

THE ANNEHE PROJECT

CATIONAL CENTRE

ESTES 2008

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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10 A circle, with centre C, has equation x?* +y” + 10x—24y = 0. -E“?
<

(a) Find the coordinates of C and the radius of the circle. (4] m

S

S

2

X' 410X +y*-a4y=0
(x+5)-5%+(y-12) -12* =0
(x+5)* + (y-12)* = 13°

DO

e —

. C=(-5,12) and radius r=13

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

(b) Find the coordinates of the points at which the circle intersects the y-axis. [2]

let x=0: Yy*-a4y=

£
i

-

=

ﬂ

<

[

()

effe
DO NOT WRITE IN THIS MARGIN

- wordinates are (0,0) and (0,24).

—

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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The point X is on the line which passes through C and the origin, O. It is given that the distance CX is

three times the distance OC,

é (¢) Find the coordinates of the possible positions of X. X\ [4]
§ Using Ratio Theorem:

Xi(a,b) i
5 3
g C ("'5) ”-) i
2 I I
3

(0, ) > X

% 3(0)"' |(ﬂu) = =5 3(0)+|(b)=|2
N 2
= feoa=-20 . b= 48
5 | Hee, X1=(-20,48) %

z

9

§ |

5 (0,0)

g J

.

: 2

% x.'l (c } d )

2

=

z

E The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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A circular patch of water of negligible thickness is expanding on a thin piece of paper.
At time f seconds the rate of change of the radius, ¥cm, of the patch is given by

dr _
dt  2r+1

14

cm/s, where k 1s a constant.

Initially the radius of the patch is 1 cm and the radius is increasing at a rate of 0.5 cm/s.
(a) Show that k= 0.5. 1]

K
ot 05=
- K= 0-5

(b) Find an expression for 7 in terms of 7. [4]

r= f&tfl
0'5._[-?1;-1-1 it

= 0-5[ln (2tt)] 4¢
2

ZIh(at+1) +C

Since r=lcm whent=0,
=%l +C

C=|

He‘"(/e] r:#ln(i!t'l'l)i"
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(¢) Hence find the rate of increase of the area of the patch after the patch has been expanding for

3 seconds. [4]
S‘l’eP : A= wr?

dA -

3y 2N

Stepl: When t=3s , F =%k (6+) +1
= 14865 cm -

: dA = dA  dT
Step 5 i i X dt

= 2W(|-4365) X &%3?‘1’] |
= 0-66¥13
= 0.667cm’/3

THE ANNEXE PROJECT
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12 A ball is thrown vertically upwards. Its height, Am, above the ground at time ¢ seconds after being
thrown is given by the formula 4 = 1.75+5¢t—5¢-.

(a) State the height above the ground from which the ball is thrown. [1]

Whent=0s, h=1# m

DO NOT WRITE IN THIS MARGIN

(b) Express % in the form a+b(t+c)* where a, b and ¢ are constants to be determined. 3]
h=-5§(t*-t)+ 15

= -5[(t-1)*-(3)*] +1%5

= =5(t-2)"+ 125 +)-35
=3-5(t-32)

DO NCOT WRITE IN THIS MARGIN

where =3 , b=-5 and €= -0

DO NOT WRITE IN THIS MARGIN

(¢) Hence state the maximum height attained by the ball and the time at which this occurs. [2]

DO NOT WRITE IN THIS MARGIN

M ax- heigh‘l'= 3 m
when £= 0-55

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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(d) The ball hits the ground. Explain why the time taken for the ball to hit the ground is not twice the
time found in part (c). [1]

Because the ball wasat thrown up from the ground
? level. ¥ was thrown from an inihal helghi'ﬂa{‘ -#5m .

LALA

(e) Find the length of time for which the ball is at least 2m above the ground. [3]

Stepl: let h=2

IVIAINASY

L 3-5(t-1) =2
§ 5(t-12)* = |
: t-2 =t]g
1
: t=%1+[5
=0.0523865 or 09143215
Step 1+
: ...h
: dwration = 0.94%21 — 0.052386
: = 0-894s
E
':% THE ANNEXE PROJECT
% The suggested sﬁlutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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13 The perpendicular
point X'(h, = lzé),, where /4 is a constant.

LD .

risector of the line joining the points A(2, A#) and B(—8,—7) passes through the

(a) Express the gradient of the'perpendicular bisector of the line AB in terms of A. [3]

: a erp- bisector
S'l'epl : 3mdien+ AbB = g - ((_2 P

= htt
/0

Step2: gradient of )
3pefp. bisector = ,Llf;

DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

‘" 1 .
- l 3

(b) Hence find the possible values of 4. [ 7]

step| : .
midpoint of AB = (B2, ~12h)

M " (-'3) b%;)

DO NOT WRITE IN THIS MARGIN

Stepl : 2/ h-TF
3rafdief\t MX = _L23_ ( 2 = -13-(h-¥)

DO NOT WRITE IN THIS MARGIN
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Continuation of working space for question 13(b).

Sﬁap.’: :

-6-h _ ~-I0
2h+6 h+F

(-6-h)(h+ %)= ~lo(aht6)
~6h-42-4%-Fh = ~20h - 60
h*-th - 18 =0

(h +2)(h-9)=0

~h==2 or 9 .
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