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1 Do not use a calculator in answering this question.

The complex numbers z and w satisty the following equations.
iz42w=—1
2—1)z+iw=6

[4]

Find z and w, giving your answers in the form a+ib where ¢ and b are real numbers.

iz+2w=—1 —1) @-iz+iw=6 —(2)

42 -UE -L+ % =12
(5-21)Z =12 +1
2= 1211
S gL
= 12+1L X 5+2§
5- 21 o\t 2L
60 +24L +51 -2
251 4
58 +291
29
2+1
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The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



2 Jtis given that f(x) = tan” (V2 +x).

(@) Find f'(x) and £ (x). [3]
|

(b) Hem:e find the first three terms of the Maclaurin series for f(x). Give the coef icients correct to
3 SIgmf' cant figures. 3]

l . -
@ f'(x)= n+(rz+x) T 3tzx tA’ = (3t202% +27)

Pl(x) = —(3t202x + 2% (212 + 2%)

= —(2]2 +t2%)
(3t22x +2%)?

®) When x=0:
£(0) = tan™ 2
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3  The parametric equations of a curve are x = %(33‘ +2¢ ) and y = %(33‘ —2e73,

(a) Using calculus, find the gradient of the normal to the curve at the point where ¢ = -31-1112. [3]

(b) By considering x> and y* or otherwise, find the cartesian equation of the curve, stating any
restriction on the values of x. [3]

For perpendlar Iies
m X mz=—|




For all values ofy s X9 a
=127 0
(x—-d2)(x+12) 20
x £ -2 or x 72

dince €3t 70 and e-31: 70 for all real values
of t.
x=5(e¥ +2¢7%%) 20

Hence, X £ -12 s reJeci'ed and the regtriction
on X 15 such that x 7 N2 .
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4 (a) Show that de—-(cotx) =—Cosec’x. 2]
(b) Show that sin 2xtanx = 2sin’x. [1]

i3
(¢) Hence, find the exact value of f; cosec 6xcot3xdx. (4]

18

d - 4 cosx)
@ 75 cotx = (%2
= sinx(-snx) — WSZ (c052)
5in’X
—(sin’x + s> A
sin*X

= i
sin‘x
- wse¢*x (shown).

"

® sin2xtanx = Zsinxgaé‘f' %—

2s5in*x (shown)

© stecéx' wt 324 dx
_ |
A j sin 6% tan 3%

_ |

j 238in* 3X I®
. %J cosec” 3x dx
= -1 f— cosec’ 3x dx

2

= -_L[ _wfan] + G

4dx

2
= "gwt3x +0

I
I;_ cosec 6x wf 3x dx =

.3 [
= I:-.é_wf:g- -|-'Et..o'|"g'
- [%'m:}% t'mlu%]
< () + O
= =B 4 33 = 3




5§ The line with equation y = mx is a tangent to the curve with equation
(x+8)%+ (y—14)° = 52.
(a) Show that m satisfies the equation
3m? +56m+36 = 0. (4]

A and B are points on the curve. The tangent at 4 and the tangent at B intersect at the origin.

(b) Find the coordinates of 4 and B. [4]
(@ Y=mx O,
(xt8)* + (\/-H')z =52 —@
Sub () into @

2+ 16 + 64 + (mx —14)* = 52
X+162+ 64+ max’—28max +196—52=0

(1tm*)x* +(16-28m)x + 208 =0
b’—4ac =0 (sine y=mz is a tangent to
the curve)
(16— 28m)°— 4(1+m*)(208) =
256 —816m + #84m — 832 - Bazm’ =0
-48m*—896m - 536=0
3m* +56m + 36=0 (shown).

(b) Sulvinj 3m*+56m + 36=0

(3m+2)(m +18) =0
m= -3 or m=-19

When m= ~3 When m= -18:

Ot 2)x* + Q6+ "'—._,f’)x t 203 =0 (1t324)2* + (16 +504)X + 208=0
%x‘+%X+208=0 325x"+5201+208=0
By 66, z = 12 by 6C , X = 3 2
When x=-12 , y= “5(-12) = 8 Wwhen x= ~% , y= 18C%) = ¥
. A=(-12,8) . 8= (- s,ié')

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



6 The function f is defined by
B ax+k
' x—a’

x€ER, x#a
where a and k are constants.

(a) Describe fully a sequence of transformations which transforms the curve y =% onto the curve

y = 1(x). [4]
(b) Find ™' (x). [2
(c) Hence, or otherwise, find 2 (x). [1]
(d) Find £**2(1) in terms of @ and &. [2]
@ Step L'y 4far
Step L+ x-a)ax + K 2
- +K _ Kta
_(ax—an) s f(x)- aﬁ_a a"i_ A’
K+a'

1), translation, of 2). :calinj of 3). translation of
L nhits a.faona factor k-}-q," a unifs a.lmi
positive x-axis. parallel to the positive y-axis.

J -axis .

X (y-a) = wy*“
x = aytk
y-a

| Because (x) = £ (x)
and D = DfF-' |

£(x) is a self — inverse function

= X
For self -inverse function
2023 - i
@ 920 ﬁi)K fold(x) = flx) and
a |l —Q 'fm"(x) = A

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hld no liability for any errors.



7  Acurve C has equation y = x Inx.

h d i
(a) Show that -&% =1 4111.:: and hence find the coordinates of the turning point of C.
A

[4]

(b) Find the exact arca enclosed by C, the x-axis and the line x = 3.

(5]
@ AEP'Yiﬂj Product Rule:

44_ o 1-3(_;%)1_ 'nx('3x_4)

dx . = BlaX
x4 14

- '_:L"x (chown)

]_91' -ﬂ-x—='0: 1—3lnx =0
nX = 3
x =€’

When x =€ , y (e3* Ine3

=5 J
- Sl

36
e
“« C =(63, 33)

ez
re T

x=3

Applying integration by Parts:
3 - 3 R I
A:J.1 A7 X dX -'-'[2;(":"":‘:] _J dx

i ]
m"‘"‘m"
s 3
o €Y

[ I
o B
=, ™

|

m-
D
0 w
I
[
|




8 (a) Find fx2+2x+ldx' [4]

(b) Find the exact value of g il | (3]
0 x2+2x+1
x2+2x+1 X +2%X T |

_- 2X T+ 2 I
o — d
jx‘+zx+| . 3J Xty +| .

In (*+2x+1) — 3 jtxﬂ) —2
In (X°+2%+1) -3[ (’“") J +C

n (FP+22+1) + 25 + C

x*tax+l = (x+1)°
hence for all x €R, X F |,
x’+t22+1 2 0

_ -2 *
Y= xroxt
fz 3l P J U SN J* 22
2 X2 +2X +|
0 X2 +2x+1 rinel 2

i 8
3 2x-| 2 Jx-|
= dx t+ dx
Jo 2raxtl °F j.% x+2y t|

4
“lnexte2x+) + T )7 H[n(e2xe) + 3570

—[Qn 2-25 +z) ~(ot 3)] t[(a 9+ ) — (1225 + z)]

In1 —21I12.25

= 9 —In &

lné-g

("‘ Jﬁi) uni'l's:



(a) An arithmetic series has first term @ and common difference d, where d # 0. The first, third and

fifteenth terms of this series are the first, second and third terms of a geometric series. Find d in
terms of a. (3]

(b) A geometric series has first term sin® and common ratio ~cos 8, where 0 < 0 < 3;—.

(i) Show that the sum to infinity of this series is tank6, where k is a constant to be found.  [3]

(i) Given that = X, find the exact sum of the first seven terms of this series. 2]

@ GP: a , atad, a+14d , -

tommon ratio: 4t2d _ ati4d
Q at 24

sinBé
| + c0$9

zsln%wsg'

| +(2ws* € —1)
= /Z/Sin % 0
A ws™§

= Jfan% where K=3

ii. first tem= sin} = 42
s

Lommon ratio r = - w
33= B(1-(3)Y)
1= (-2)

= B()|+ 159

8
2

= B
& (1)

= 43]3
1298

L | O}
g - a
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10 A curve Chasequation y=ax+5b+ atzlb’ where a and 4 are real constants such that ¢ > 0, b # — 54

and x # 1.
(a) Given that C has no stationary points, use chffcrentlanon to find the relationship between a and 4.
13]

ﬁ_ = a +(at2b)Dx—1)7*

-  at 2b
= (x—1)2

L) " +25
Lt 3& =0 _%x-l)’ s
at+2b=a(x*-2x +1)

ax* -2ax - ab=0
b*-4ac < O
(-2a)’— 4a(-2b) < O
4a> + 8ab < O
4a(a +2b)< 0
Given a 20, then a t+2b <0

a < —2p
AP A T T A

Since C has no si'ai'fnnﬂry Po:’nfs,

It is now given that 6 = —24.
(b) Sketch C on the axes on page 19 stating the equations of any asymptotes and the coordinates of the
4]

points where C crosses the axes.

"}
@H-GZ a
-y=ax —14a
] >
x=|
y= ax -2a t @;2(-'2&) wondka it Y eliadiihay
= aXx — 20 o e
= - X | When 3-‘-0 p
vertical asymptote: x =| ax —24 = ;,El
3

oblique asymptote : y=ax —2a xX—2 = A



(x-2)(x—1) = 3
x'-3x2 -1 =0
By Q¢

X =-0-303 or 3.30

[1]

{¢) On the same axes, sketch the graph of y = ax—a.

(d) Hence solve the inequality x—2— xi T<x—1. 2]

(d) consider a4 =1
3
b), GC : the ﬂraphs of 7=x-2—x—_. and y=2x |
meel at x = -2.

for

from the graphs above , x < -2 or x 2|
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11 A gas company has plans to install a pipeline from a gas field to a storage facility. One part of the route
for the pipeline has to pass under a river. This part of the pipeline is in a straight line between two
points, P and Q.

Points are defined relative to an origin (0, 0, 0) at the gas field. The x-, y- and z-axes are in the
directions east, north and vertically upwards respectively, with units in metres. P has coordinates
(1136, 92, p) and Q has coordinates (200, 20, ~15).

(a) The length of the pipeline PQ is 939m. Given that the level of P is below that of O, find the
value of p. 3]

o0 = 08 — 0P
- [ 200\ 1136
(3) - (%)
(—-ase)
-32
“15=p
pg | = 9319

“ N(136)% + (-32)* + C16-p) = 939
836096 T 5184 + 225 + 30p + p* = 88172
p'+30p — 216 =0
(p —G)(P t+ 36) =0

p=¢6 (rej-) . f = =36

A thin layer of rock lies below the ground. This layer is modelled as a plane. Three points in this plane
are (400, 600, —20), (500, 200, —70) and (600, —340, —50).

(b) Find the cartesian equation of this plane. (4]
(¢) Hence find the coordinates of the point where the pipeline meets the rock. [4]
(d) Find the angle that the pipeline between the points P and QO makes with the horizontal. [2]
) , o= (38), ot = ()
= { 200 = | -340
@ Lﬁt OA (sgg , 0B -30/ 3 oL =50

g = (38) - (8) = () = o)
R = () - (%) = (55g) = o)
0= (3) x (%) = (%) = - (})
¢ ) 233) ( ) = 2000 + 600 — 40 = 2560
Cari'esl an equation: 2560




-93¢ -936 -312
(© Since p=—36, PQ = (:IS?E&G) ) (_;Iz) ) 3(-?)

0 -3l2
Lrarg = (%) + 2 (%) 1er

Sub eqn-of Line PQ into eqn- of plane

200 - 3124
( 1% —247») . (?) = 2560
-5 + 3 .

1000 — 15604 + 20— 244 -30 + 14 A = 2560
-1530A = 15%0
A=l
200 — 312 (1)
inTer section poini‘ = ( 20 — 24 (1)
-5 + 3 (-1)

= (SI?.
-22
wordinafes = (812, H, -22)

I RSN T R o S PR R

@ Angle between pipeline and horizontal

L CH)-()

= Sin
\l 312 + 24 + 32
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12 Scientists are interested in the population of a particular species. They attempt to model the population

P at time ¢ days using a differential equation. Initially the population is observed to be 50 and after
10 days the population is 100.

The first model the scientists use assumes that the rate of change of the population is proportional to the
population.

(a) Write down a differential equation for this model and solve it for P in terms of £, [5]

let P be the pnpulai‘ion of the species af any time t (Jays)_
Given df - kP

dt
& =
InP = Kt + C ® There's no need to write In |P| |
P = eK"l?‘l'c 5 .
= gkt. gf

= Ae®t . where A =e€

When +=0, P=50: 50= Ae°
. A =50

When t=10, P=100: 100 = 50 e'OK
2 elth

In2 = In '°F
I0K=In2
K= In2

h

~ P=50¢€ "’t

To allow for constraints on population growth, the model is refined to

dar

7 = AP(500- P)

where A 1s a constant.

(b) Solve this differential equation to find 2 in terms of 7. [6]

(¢) Using the refined model, state the population of this species in the long term. Comment on how

this value suggests the refined model is an improvement on the first model. [2]
' 4P = 2 J By Partial Fractio
® [ Fxoop) ) T
P(soo—r) ~ P 500-P
500 j‘ 500 P lJ.Jt = A(500-P) + BF

P(500—P)

_ -P|l =500A¢t t+
ln P — In|500 P CEE B i e B



P

=500At + C

" 1500 P
P = esoo.lt + C
1500 —P |
P _ ¢ _500At
soo-p - *C €
P - pg500AtL e -
When t =0 , P= 50:  When t =10, P=100:
S0 _ 0 100 _ | ,5000A
450 - B¢ 400 ~ 1€
1
BN _} . esooox
In i‘ = 5000 A
— 'l"l _1-
A 5000
- _F
Since %,

P = (500 —P) B "®**

P = 500 BQEOOM:
5000 1 4) t
s00 (%) g 500 (F00

| + 4 p 500 (5000 " )t

- Liloe*ilo—lnit

| + '-.|'3'I’5|4*t

500 e“l'iln it

divide numerator and
denominator br el'ﬁlni't

© Ast 200 , 7" P—2 500
Using the refined model, population a,"roaches 500
in the |nna run.
102
In the first model P=50e %, ast — 00, P —200.
This does not make sense as population grows indefinitely .






