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Answer all the questions.

An item is to be sold online. At the start of the month, it is placed on sale at an initial price of $300. At
the end of each month, if the item hasn’t sold, the price is automatically reduced by 5%. It remains on
sale at this price for the next month. The item finally sells in the month when the item is first priced

below $120.

How many complete months have elapsed before the item is sold?

let A be the price of the item.

After ISt month, A= 0-95 (300)

After and month, A = 0-15 (0-95) (300)
= 0-95° (300)

Aften 34 month, A = 0-95 (0-95%)(300)
= 0.953(300)

After nth month , A = 0-95"(300)

let 0.957 (300) < 120
0-95" < &
n{jo.QS < Ig %

n 2 1% 7 months

After 18 complete months , e item is Sold.
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2 Find the set of values of the constant k for which the curve y = kx> +2x+k+1 is completely below
the line y=x+1. [6]

F irs H)‘ for @ quadratic curve to be oomlo/efe/)/ below the
Inlqe =zt , v K<O.
y:X"'l

/ y=Kx*+2x +Ktl

lef K+2Xx +K+1 = X+

Kx>+x tK =0
ince there is ho intersection between the line and
the ecurve, b*-44qc <O

*-4k(K)<O
4K2 > |

4K*—1 2720

(2k —1)(2K +1) > O

. K<-% or Ky 3%
(neJo because K< O)
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3

(a) (i) Factorise a—b. [1]

(i)) Hence state a factor, other than itself and 1, of 347° —286°. [1]

It is given that x and » are positive integers.

(x+n)3 (x--n)3

(b) Use part (a)(i) to prove that 5 "% is divisible by ». [3]

Recap:
Difference of Cubes Formula:
a’-b3=(a-b)@+ ab + 6%

Sum of Cubes Formula:

@ (i) ad- b’ = (a—b)(a}—'— ab+b?) a2+ b3 =(atb)(a*—ab+b’)

(i), 343°— 286° = (347-286)[347” + (34%)(236) + 286°]
= (61)(30144%)

Factor = 61 or 301447

® @t x=n)
2 2

(x+n)°—(x-n)’
2

= [Ge+n)—(x-n)] [Cxtn)" + (xtn)(x—n) + (X—n)']

2
= n[P+uhtpf + -+ - 2p% + 0> ]
2

7

Since (’”n)a (7‘_2”93 — n(3x*> + n?),

3
then 7 :S a factor of (96+n) (x—zn) ’

3
hence (x%n) _ (7‘—2”) S ohw‘sib/e by n.

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



4

(a) Differentiate x"*'Inx with respect to x, where n > 0.

(b) Hence find f x" Inxdx.

n
@ L x™hx=2" (%) + hx)-(r0x
= 2% + x*(Inx)(nt1)

® fx“lnx dx = n'—ﬂf 2 Chx)(ntr) 4%
= L [[e" + 27 (kD)) — X7 dx

I Y . A
_n+:[7‘ In % n+:]+c
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Two variables x and y are believed to be related by the equation y = Ax® where 4 and b are constants.
When a set of points (X, Y) are plotted, where X is a function of x and Y is a function of y, the resulting
graph is a straight line.

(a) Given that Iny is plotted on the Y-axis determine, with working, the function of x which must be

plotted on the X-axis. [2]
(b) Given that two of the points lying on the straight line are (1.2,6.3) and (4.1, 12.1) find the values
of 4 and b. (4]
b
@ y=Ax
b
,n y = In A x
= lr) A + /n x
=blhX + IhA

Plot In Y adainsf‘ Ih x (X-axis) , with graahenf b and
y-infercepf InA.

hy /

&

The straight line ecluqh‘on is:
IhY = alhX + hA
Since nx=1-2, and In\y=6°3
>InX then 6-3 = a(1-2) + hA
InA = 6.3 - 2-4
=39
A = 63-‘1
49-402
49.4

" (4.1 ,12-1)
6:3 A (1:2,6-3)

12
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2
6 (a) Show that the x-coordinate of the stationary point on the curve y = %xz —3yx+1 is (%)3 [4]

(b) Determine the nature of this stationary point. [3]

@ . 4 =+ - 3(3)x?

= x -2x°
2

3 —
When 9% =0, X -3z =0
axdx — 39 =0

2x

s qx¥-3=0

4 3

xz:i

3

N

<+ )

@® . Using 15 Derivative test,

r 1
£ § “a
[ 13 | i) 1 132
3 . 3 o
x| (2
,3 5
promissan e nx,--_.m'»u»& D T R e i }.-u T TR A

| 3

d i

X |I\N| —|/
: i
{ i

it is a minimum point .
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5
7 (a) Find, in ascending powers of x, the first four terms in the expansion of (% - ) , whereaisa
constant. Simplify the coefficients in your expansion. [4]

5
(b) In the expansion of (4 + %)(% - ) , find the non-zero value of @ for which the coefficient of x

is twice the coefficient of x°.

[3]

+ 5¢,(4)(-ax) + 563(1) (-ax) 4~
%aixl _2_ 3x3

N
o

I

S
=

"
VS
Gl
~
on

_|_
o
—_—
18] o
-

’ |
—+ \/

qives us coefgicient of 2

I3 I

=(4+_05;¥(3|_2 _%ix +%aaxz__g_a3xa+...)

TT

Sives us coefficient of %

coefficientof x = 4('%“) t (%)(%a'a)
= -fat+ %a

coe Fficient of x> = 4(2a?) + (2)(-2a%)
= 50> - 2a’
= —lgaz
Given coefficient of x = 2 X coefficientof x*
5a, = 2 (%2a?)
50 = -15q°
a = —-3a?
3a+a=0
a(3a+1)=0
=0 (rej-’) o0 = "5



2
A curve has equation (> 2a) +(—1)?=1, where ais a constant.

(a) Find the set of values of a for which the line y =x+1 intersects this curve at two distinct points.

(5]
(b) Deduce the two values of a for which the line y=x+1 is a tangent to the curve. Show your
working clearly. [2]

@ Step!: Combined both equations to the form ax*+ bx+¢c=0

N2
&= 4 p-12=1 —(

y=x+1

Sub@ infO@ : (x_za')a + (x+1 _|)2 = |
(x-a)* t2%*= 2
-0 +at+ 22> -2=0
3x2— 20x + (@°-2)=0
SfeP2= b*— 4ac > O
(-2a)? —4(3)(a*-2) > O
40> -12a* + a4 70 )
8at < 24
a' < 3 j'

a’-3 <0 )
a-Ma+B) <o ° I

s -J3<a <3
® b*-4ac=0

(-2a)* —4(3)(a’-2) =0
40> -12a* + a4 =0

8a> = a4
a’ = 3
a =x3

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



9 (a) Prove that 1+sin26 1+cos26

= 4

sin@ cosf cosecd. [4]

1+sin20 1+cos26 _ , . <3 3

(b) Hence solve Sin® cosf 2sin® forw < 6 5T [3]

I + 8iN26 | + c08 20
@ LHS = $in 0 a cos 6
C1+ 8in20) cos© — C1+¢0520) sin O
8in6 cos O

= (+ 25in6 cos0) cos O —(//1- Jcos’e—/ﬁ sSind
Sin@cos O

050 + Zsin,&cof‘/g — JS:MO

s§inGcos O

cost
sinOcps®
|

§iN o
cosec O
RHS (shown)

® Hence , cosec©

= 28in0
—L_— = 2535in6
$iNé
2sin%6 = |
sin’b =

sin&ziﬁ
9:2) Ji[’ 5#71 or‘}f

Since m< 6 < 2w, 6=

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



10 (a) Find, in terms of the positive constant a, the equation of the normal to the curve

y = 2sinax—3cos2x atthe point P where x = 0.

[7]

(b) The normal cuts the x-axis at Q. The area of triangle OPQ, where O is the origin, is 27 units®. Find

the value of a.

@ Stepl: Find coordinate of P
When x=0, y= 0 — 3c0s 0
= -3
P = (03_3)
Step2: Find 3% ot P
y=28inax — 3cs2x
‘j—% =2acsax + 6sin2%

at P, 4% =2a(1) +6(0)
= 2a

Step 3

Hence, 3mdiem‘ of normal at P =

Step4: Equation of normal at P

y-¢3)= 3L (x-0)
= w3

- _
@ Le‘ry‘.‘ol Ex—B"O

-z ey
x = -6a
~ Q=(6a,0)
Area of AOPA = 3 X60,X3
= 90
s 9qa = at
a=3

[3]

y X

"
Yy
o
(’60, )
P(O/ '3)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



11

A

!

3 units

e o e >
E <—Xx units—» B

A square ABCD is part of a computer animation. The side AB is the hypotenuse of a right-angled triangle
AEB with angle AEB = 90°. The points 4 and E are fixed and do not change during the animation.

The length of AE is always 3 units and angle AEB is always 90°.

During the animation B moves directly away from E along the line perpendicular to AE and, at time
t seconds, the distance EB is x units.

It is given that x is increasing at a constant rate of 2 units/s.

(a) Find the rate of change of the length 4B, in units/s, when x = 4. [5]

(b) The rate of change of the area of the square cannot exceed 80 units?/s. Find the maximum possible
value for x. [3]

@ AB =43 +x*
= N9+
X

AB _ o\-1 o _x
%ﬁ%“ L(9+x*) *(2%) = At z2

Given: %2% = 2 units/s
Find : 4B when x = 4

i ores dAB - dAB | dX

- i
N9t 16

—g-— units / S

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



N9+ x* - N 9+x2
(9+ x*) units®.

(d) Area of square

dA -

dx =

dA - dA _ dx

dt dx ° 4t
= 2% . 2

Given -:,’% £ 80
4x < 80

x
x <20 units

max - value of ¥ = 20 unifs.
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y=acoskx

N L

C

The diagram shows part of the curve y =acoskx where a and k are positive constants and x is in
radians. The curve crosses the positive x-axis at 4 and B.

(a) (i) Find, in terms of %, the x-coordinates of 4 and of B. [2]

Point C is the minimum point on the curve between 4 and B.
Triangle ABC is equilateral.

(ii) Prove that a = ﬂz—f [3]
1
(b) Given that the area of triangle ABC is 1 unitz, show that £ = ______(3)2415. Hence find the amplitude and
period of the curve. [3]
@ (i). When y=0, acoskx = 0
coskx =0
K¥ =7 or 3—277
= I 3w
X 2k °T 2K
. - I
Hence, x— coordinate of A = 2k and
3

x — coordinate of B = 2k .
(in). b)/ mid point theorem,

X — wordinate of C = %

LengH)OFAB"' % _95% =X



(V)
S
WA
I
OF

o
wH
-

N
2 AC
C= 28
A = C
Lergm of AD = Lengrh of AC
I = 24
K J3
ak = mJ3

= nJd3
a W (Shown).

®) Area of AABC = 3 X AB X &
=+x¥xa
= Na

“ n3
Given area, of AABC = Lunits® and q = sza

1= % (W2JK_3>

4k* = w3
Kz - T[ZF
K = +3(3)F

Since K is posifive , K= Qpn
¥
- omplitude of curve = @ = I3 = ﬁ:ﬂ) = 3%—# - 3#

Gl
i = - 4 _ 4
. perlod of curve = % = [z;p] = 6;)%( = 57

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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13 Points A(—1,7) and B lie on a circle.
The chord 4B of this circle has equation 2y—3x=17.
The centre of the circle lies on the line y =-2.

The diameter of the circle parallel to AB passes through the point (—-l- l).

2’ 4
(a) Find the equation of the circle. [7]
(b) The point (7, @) lies inside the circle. Find the set of possible values for . [2]
@ 2y-3x=1
2y = 3% +1¥
y=3x+i

Equation of red line :

y-%=3(x+3%)
y=3x+tl —O
y = -1 @

L Fx Tl =-
2% =3
X = -2

Hence , centre of circle = (-2,-2)
radius of circle = length of AC = NG +2)* +(F+2)2

= f\’l 1 8l
= g2
~ equation of circle: (x+2)* +(y+2)* =87 .
O) when x=1,
(#+2)? +(y+2)* =82
i (’2"_\'?2 _2) (Y{’Z)z =82 —BI
' yt2= £ |
y=-3 or -1

D=(Hh-1) , E=(3,-3)

x=t
If (¥,«) lies inside the circle ;, -3 <& <-|



