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A sequence u,, U, U, ... is defined by
u =a,
U, ,=3u+5 r=1,
where a is a constant.
(a) Find expressions for u, and u, in terms of a. [2]

4
(b) Itis giventhat ) u, =110.Find the value of a. 3]

r=1

@ U,z—_—3ul+5

= 3a+th
Wy = 3Ua Tt 6
= 3(3ath) +h
= 9q t 20
G) ug=3Usgth
= 3(9a t0) t 5
= ata T €5
4
Zup=u,+uz+u3+u4
=l = a + (3a+5) +(9a +a0) t (212 t65)
= 40a + 90
Since 40Qa + 90 =110
40a = 40
a= 5
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2 (a) The sum of the first 20 terms of an arithmetic sequence is 65. The sum of the next 8 terms is —30.

Find the first term and the common difference of this sequence. (3]

(b) A sequence has nth term given by u = "™+ \where k is a constant and & # 0.
Show that this sequence is geometric. [2]
@ 22[2a+194] = 65 §18 ~ 520 = ~30
20a + 1904 = 65 28 [2q+ @7d] — 65 = - 30

4q + 384 =13 —) 28a + 318d = 35 —(@
Ox*: 28a +266d=9 —()
@ -@: -lad = 56

d =-%
2
Sub d=-% into @ 4a + 38(2) =13
4a = 32
a = 8
@ U«n = Ck(n-“) = ekn+k ~kn
Un- & KGn-1+1)
- ek
= conStant
Since 5—)’:_/ = congteat , this &e%uence is 3wme7‘w’c

with & common rafio of ek,

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



Do not use a calculator in answering this question.

V3 +i
V3-i
(a) Find|z|and arg(z). [4]

A complex number z is given by z =

The point 4 represents the complex number z on an Argand diagram. The point 4 is rotated anticlockwise
through -;-ﬂ about the origin O to the point B.

(b) Plot the points A4 and B on an Argand diagram. State in terms of z the complex number that is
represented by B, explaining your answer. [3]

_ V3t oy {3t
@ =5 I3 +i

= 3+ a3 |
J + 1
o 9 _,
0 [TTE @t
= | unit
® Im(2) A
- W . A
6 z L ’
) SN — .
= | , Re(z)
B i
. Z

B=LZ , a5 mul‘riplicaﬁon of any complex number
represents an anticlockwise rotahon of I about O.

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



3x+10
Vx+1°

(a) Find % and hence find the x-coordinate of the turning point of the curve. [3]

4  Acurve is given by the equation y =

(b) Use calculus to find the value of the second derivative at the turning point and state the nature of
this turning point. [3]

If2 L -2
_ (x+)%(3) — (3x110)- 7(x +1)
@ Jﬁ(— (xt1)

= -%(XH)_I/Z [6(x+1) —(3X+|O)]
(Xt+1)

(x - 4)

2 (x+1)%2

Let %-‘-O : 3Y—4
X

0
4
3

/2 I
y _ 2E)2(3) — (3x-4)- 3(x+) "
® A_XYE 4(x+10)3
= 3N’ [2xtD) — (3x-4)]
4(x+1)3

= 3(6—X)
4 (x+1)°R

_ ay - M
When X = %, q;(yz IO 0-421 7 O

B)' and Derivative Test, it is a minimum point.

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



5 (a) Solve exactly the inequality e* > 2e™ + 1. [3]

1
(b) Hence find f Ie" -2 -1 |dx, giving your answer in exact form. [4]
0
p v
@ Lt u=e":
2
wz yw t!

since w7 0, we can multiply both sides by w without the
need to change the inequality sign.

w2 2 tu
w—=u-—-220

(ut+N(u—2) 20
u-1 or uz?

o e < - or X% 2
(No Solutjon % % Ih
ase*r0)

r | _
@ o‘e"—2e"—l‘dx
:‘Inl_

[ e an b [ e

= [ +2e*x]" + [e*+ 26%-X] .5

- [(2#-109)-(#0)] +[(e+ 5 -D) -(2F] ~In2)]
= Ihl te 'I'% -4 + 2
=(2h2 te + 2? -4) $q- unifs .

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.

N



6

The carbon content of plants includes a small proportion of the radioactive isotope carbon-14. The

mass of carbon-14 in dead plants decreases over time. Scientists measure the mass of carbon-14 in
plants to estimate how long ago they died.

The mass of carbon-14 in dead plants decreases by 50% in 5730 years.
The mass, M, of carbon-14 in a plant ¢ years after it has died is modelled by the differential equation
dM _
T kM,

where k is a positive constant. The initial value of Mis M.

(a) By solving the differential equation, find the value of . [4]

(b) A dead plant has 20% of its original mass of carbon-14 remaining. Determine, to the nearest 100
years, how long ago the plant died. [2]

@ Given 4= kM

|31 aM = -k [ dt
,n|M|=—kt + C
lhn M = =Kt + ¢ (Since MY 0)
M =e—Kt"'O
=6-Ktec

=Ae k" (whereA=¢€°)
When t=0, M=My : M= A
M=MoC_Kt
When t=5#30, M=2Mo:
é%:%e—snor(
In 7 = -5%30K
Inl —In2 = -5130K

—In2 = —5¥30K
— In 2
K 5130

n2_
@ When M = 0-2M° : 0.2%: Me—g:,!go":

In2

In0.9 = -5t
t = 13304.65
= 13300 years ( nearest 100)



7 (a) Show that %(xlnx——x) = Inx. [2]

A curve C is given by the equation y = Inx. The region R is bounded by C, the x-axis and the line
x=e.

(b) Using the result in part (a), find the exact volume generated when R is rotated 360° about the
X-axis. [4]

(¢) Find the volume generated when R is rotated 360° about the y-axis, giving your answer correct to
2 decimal places. [3]

@ %(Xlnx_)(): x(|7)+lnx—’

= |+ InX —|
= InX
Using By Parts :
@ VX= "Je (In x>2 dx lef u=lpx Lefdv=1InX
! dy - L vV =xlnX —-X
- T'jel (In X)(In X) dx X X

= 1 [(n)(xin% -X) = [* % (xInx =x) dx]’
= W [X)0Inx=X) = Inx ~1 dx];

=7 [(InX)(XInX —X)— (xlnx —x) + x]‘f 7 \07‘
= [ (xlx-x)(hx =1) +x]5 :
= ‘ITI[(B—B)U—I) +e]-[(0-1) (0-1) + 1]}

= 7 (€-2) cubic unifs.

W\
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For y=InX : MaKe X the SubJeof.

7

o x =e’

N
7
[ &~y

© B){ GG:

Volume of green cylinder — blue Yolume

(e — [ (e7)" dy

<
[

0

13. 137
13-1® cubic units (2 dP)

W WV
"

o
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8  The plane 7, has equation 2x+y+3z = 2. A point P has position vector ( 1).
0
(a) Find the foot of the perpendicular from P to the plane 7, . [4]
(b) Find the position vector of the reflection of P in the plane =, . [2]

1 2 2
A second plane 70, has equation r = ( 4) + JL(- I) + /1(2), where A and y are parameters.
-1 5 3

() Find the acute angle between 7, and ,. 31

let F be the foot of
perpendicular from P +o .
Step | = Create line PF

— .~ =["3 2
Lig:r (;)Jrl(é),xeiR
Step 2

oF lies on Dot
3t 2
hence OF (l+)\)

14X =71

A=7

— - 2 L -2
OF = %:;2 =(|.5)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



Using Ratio Theorem:

_)
o_f==ﬁ>+oP'

— —
op' = 20F — 0P

] "

— N
| e
WN— GO N
\/\/
]

S -
N—_

© n=)xld) = (%)

2 -3
Acute angle between T and a2 = 05~ (é)’(‘a‘)

f i

cos™ | =4

{14 Joal

85.9°
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9 Itis given that y = sin~'px, where p is a constant.
g y )2 P

d
(a) Show that ay = psecy. 2]
(b) By further differentiation of the result in part (a) find, in terms of p, the Maclaurin series for y up
to and including the term in x>, [5]

(c¢) Use your answer to part (b) to find the series expansion of \/._1_2 , up to and including the term
—9x

in x2. 1-9 [3]

@ y=sinpx
siny = pX
diffecentiate both sides w.rt. x:
cosy - X =7

d
dy - —
7Y)? = Eﬁ = Pgecy ( shown).

®

3

¥ = psecy'l'any j}‘

= -‘j—!(—.-i-any-f‘-p

= (tany) (%)
4 = Gany: 208)(5) + (3)* secy 9
= 2 +any (%)(ﬁ%) + Se"z)' (% ’

When x=10

= in—l -

y=se6in"0=0 ,
dy = -
7& P cos 0 P

2
%(yi = (+an0)~P’ =0,

3 3 " ®) @) r
i’&yg = sec 0 - P = P3 f(x)=f(0)+f'(0)x+f2(!0)x2+f33,(O)x3+f 41(0)x4+---+f—(;'(0)x’”

By Maclaurin series, sin"’/,x =0+ pX + ox? + _,l%xa H oo
= pXx + -‘c—/;3x3+

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



© let p=3: sin~! 3x ~ 3x + =X
Differentiate both sides w.p.t.x :
| 3 = 3+ 1(3x

-0
3 _ 2% 2
=3+ 4y
VT-9x 1
| 7.2
: =3 8 B
T X
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10

The function f'is given by

where a and b are positive constants.

(a) Sketch the graph of y = f(x), stating the equations of any asymptotes and the coordinates of any
points where the curve crosses the axes. [4]

(b) Describe a sequence of 3 transformations that would transform the graph of y = f(x) onto the

graph of y = -Jl-c- [4]

(¢) Find f~!(x) and state its range. [3]

. Itis now given that b = a.

£2925(x) when x = 2, giving your answer in terms of a.

[1]

(d) Find the value of the composite function

@ A\ YA —a
| xtb )— ax + 4
¢ “Cax -ab)
a 4+ab
----------- /76= 3 sy = - x++6Lb
\\ J Horizontal asymptote -
As % — £ 00,
xii-b y— —a
® y=-a+ 554
replace y with y-a
_ atab (translation of a unifs a/onj Posh"ive y-axis)
J~ xth

\L replace x with % —b
( translation of b unifs “/°'Z7 positive X - axis)
4tab

J* ~x
l replace x with (4+ab)x

(Jcaling J x-axis 6)/ factor HI-czb)

Yy=x



@ >/= i_a)(

X+ b
x7/+b7=4—ax
x)/+QX:4—lZy

X = 4£=2¢
yta
dfy) — 4-=0b
- fx) = %

Rf" = DF = (-OO,_ID) U (—5,007

@ i a=p, £x)= Fx) [Self —inverse Functions]

_ - 4-a(2)
p2(2) = f(2) = 4220

= 4-2a
2 +a
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1

0 >

Engineers are designing a roller coaster. The diagram shows the side view of a section of track with a
loop. This section is modelled by the curve with parametric equations

x =28(0cosO+1), y =20(2—0sin0),
for -—%n <0< %n, where x and y are measured in metres. The x-axis models the horizontal ground.

The maximum point on the curve is at 4, and the line 4B is vertical. Points C and D are where the
tangent to the curve is parallel to the y-axis. Point E is the intersection of the lines 4B and CD.

(a) Find g—x}i in terms of 6. [3]
(b) (i) Find the values of @ at points C and D, giving your answers correct to 2 significant figures.
(3]

(i) Hence find the greatest width, CD, of the loop. [2]

I

@) d—’é 28[9(-&'/)9) + 050 (1]
= 28[ wsO — Bsinb]

AL = 20 [-6(c0s6) + sin® (-1)]
=-20[6csO t sinO]

J% _ -a0(6cosb tsinG)
d 28 (0§00 —0$inG)

- —=5(06wsb6 + sinB)
* (c0se —Gsine)




® i let ﬁ? be undefined.
F(c0s® — Bsin®) = 0

cos @ = 6 sin® D (ahvide both sides by cos§ 6)

| = 6 tane
[
tane = )
By GC: { + |
f ! [ ystanb
- - , _ L
- -0-860334 T .= "0
— - 0.860334 .
7 -
i =
= e
At C, 0=-0-86
AtD,06= 0-86
i. x- coordinate of C = 28(-0-86c05-0-86 +1)
= 12-289
x — coordinate of D = 28(0-86 c050.86 + 1)
= 43.%l|
CD=43%H| —12-289 = 31-4m
The x-coordinate of point 4 is 28.
(¢) (i) Find the value of @ at point 4. [1]
(i) Find the 2 possible values of 6 at point B. [2]
(iii) Hence find the distance AB. [1]

Engineers know that, for safety reasons, the distance AE should be within 10% of the distance %CD.

(d) Determine whether the design of this section of track satisfies this condition. [2]



© i Let 28(6cose +1) = 28

OwsO +1 = |
©cs® =0
=0 or ¢0s6=20
) 2
6 = ‘-]21 or T [because 33'1$65 ?n]

A 6=0, y= 20(2-0)
=40 (y-coordinate of A)

Ato="%, y=120(2+ IEn)
= 8584|
ato=T%,y=20(2-3%(N)
= 3-584| (y—coordinafe of b)
. ot poimL A,0=0 (because A is at a higher
point than B)

i, at poin’r B, 6= -1 or 2

i AB=40-8.584] = 314 m

@ y- coordinate of C = 20(2— (-0-860334) sin(-0.860334))
= 26-956
distance AE = 40— 26-956 = 13-044 m
distance CD = 31-4m
Within 10+, of £¢D =(15-3 £ 1.5%)m

For safety reasons, 1419 < AE $ 1123,
Since AE =13.044m, the design of this section of track
does nof safisfy the safety condifions.

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.



12 Do not use a calculator in answering this question.

It is given that 1 +2i is a complex root of the equation z* +pz% +gz—10 = 0, where p and g are real
numbers.

(a) State another complex root of the equation in the form a+ ib, where a and b are real numbers and

b # 0. Justify your answer. [2]
(b) Find the values of p and g, and find the third root. [6]
(¢) Hence find the roots of the equation 1 +pw+gw? —10w* = 0. [2]

@ Since p, 4 €R, all coefficients of the cubic pOI)'nomia/ are rea.
6)’ comPIex Coryugqfe Root Theorem, Z = 1-2i is another roof of
this elluafion.

® [z-O+r1[z-0-2] = £-2(1-2) - 2(1$21) + G+2i)(1-20)

= -2z + (I —4?)
= z'-92 +5
let the third root be a , A €R:

z3+P12+(lz—lO = (22-azt5)(2-a)
= 2%+(-a-2)2* + (2a15)% -5

By comparison of coefficients
-10 = - 5a
a=2 (39 root is 2)

= —q-2 =2ath
P=—2—2 cl= 4+5
:-—L/. =c’

© Replace Z with W

W= Itai S Bl , W =2
N B 1] ol yltai - 1L
W= %2 " 1-aj W =737 T T+ai W=7
= |- = |+al
|1+ 4 5
= £01-ai) = £(1+ai)

The suggested solutions are prepared by Mr Alvin Yeo. Mr Yeo will hold no liability for any errors.
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