



























































































































Given un1AunBnC
Let n1 u2Au1Bleft1rightC

228ABC

Let n2 u3Au2Bleft2rightC
4922A2BC

Let n3 u4Au3Bleft3rightC
10249A3BC

ByGC A2B1C7

123

n174747thereforeun12unu52u42left102right207

















































































a Between 1h to 1h 15mins 5ᵗʰ interval
distance left095right4left25right

20363
204km

b Halfwaypoint 26km

Snaleft1rnright25left1095nright 1095

50left1cdot095nright
Let 50left1095nright26

109572650
beginmatrix09572450endmatrix
12nlg095lg 25

n14309

Check Let n14 i.e 14ᵗ ihnterval
S1450left109514right
256km






































































































































Let n15 i.e 15ᵗ ihnterval
S1550left109515right
268km

Theathlete will reach the half waypoint on the 15h
15 minute time interval i e 3h30 min to 3h45

min.C
Sinfty1rabeginmatrix251095endmatrix50km

According to this model the total distance shecould
cover will always be less than 50km Hence she will
not be able to complete the ultramarathon

















































































a leftbeginmatrixabsptildesptildeendmatrixrighttimesleftacright0
BA

hence BA is parallel to ctbackslash

sinceA is the common point A B and c are collinearpoints

CA0

b bcdotleftcdrightleftbeginmatrixcdendmatrixrightcdotb
since bhatbDoverrightarrowCcdothatb

lengthof projection of DC on b

C acdotutildeb0 b is a unit vector

thereforeVp2q2q21
p212q21leftbeginmatrix234endmatrixrightcdotleftbeginmatrixpqqendmatrixright0

2p 3ql4q0
2p 1 q0

q2p

2

l






































































































































Sub 1 into 2 p22left2pright21
p28p21
9p21
ppm13

When pfrac13 q32
When pbeginmatrix13endmatrix q32



























































































a Given yvx
differentiatebothsidesw.r.to X

beginmatrixdydxendmatrixv1xdddddx
sub 1 into x2dddd

X2leftVIXdddright
Vx21x3dvV2x21Vx2
x3dvvxdv

dividebothsidesby x2

XdXdvV2 shown
b

intv2dvint_x1dxV11lnXCbeginmatrix1vendmatrixlnxc
beginmatrix1leftbeginmatrixyxendmatrixrightlnxcendmatrixbeginmatrixxyendmatrixlnxc
beginmatrixy1xendmatrix
YXlnXC where c is an arbitrary constant

















































































































l27 1 7i in
4w 4i
zWl4

Sub 2 into 1

Z
24i

2w4 4i7i in
2W 18 811 7i in
2W in 81i

wleft21iright8i

W8i2i2i2i

15110i411312i
thereforezleft32iright14
1 21

4i




















































































































a beginmatrix2x1endmatrix32x

2x121left2x3rightleftx1right0x1
312X0

2x2x10x1

left2x11rightleftx1rightleftx11right 0xneq1

1

x1 or frac12x1

b Let xsintheta

sintheta1

Nosolutions

1beginmatrix12endmatrix

frac12sintheta1
wedge

l
I IT
67pi6 2pifracpi2 11

frac121

from graphs 0thetapi2 beginmatrixpi2endmatrixtheta7pi6 or beginmatrix11pi6endmatrixtheta2pi


















































































































a dxecos2xecos2xcdotleft2sin2xright

b intecos2xsin4xdx
intecos2xleft2sin2xcos2xrightdx

DoubleAngles Formula
sincesin2x2sinxcosx
thereforesin4x2sin2xcos2x

Using by Parts
Let ucos2x

beginmatrixdydxendmatrix2sin2x
Let dV2ecos2xsin2x

intleftcos2xrightleft2ecos2xsin2xrightdx
u dv

leftcos2xrightleftecos2xrightintecos2xcdot2sin2xdxcos2xecos2x1intecos2xleft2sin2xrightdxcos2xecos2xecos2x1C Vecos2x
from

aHence
int_4piecos2xsin4xdx
leftcos2xecos2x1ecos2xrightpi4fracpi2
leftleft1righte1e1rightleft0e0right

2e1




























































































a beginmatrix2x2y2x1endmatrix

y2x22yx1y04ac04left2rightleftyright08y02y020

2yx
2x2

b2

left2yright2
4y2
y2
yy
0y2

therefore set of values y cannot take yyinmathbbR0y2
O2b

i Using Long Division
I2Xl

therefore4x212x1122X 4x2l

0x112X2xl1left2X1right
2x1

4x2
Vertical asymptote x12
Oblique asymptote y2x1

2






































































































































replace yii.with Y

2beginmatrixy2x12x1endmatrixthereforey2x2x1
replacey
with y1

B

yx2x1 A

22x122x1
y12x

thereforey2xl1

Transformation A scaling of factor 2 parallel to
backslash axis

B translation of 1 unit along positive
y axis



















































































a fleftxrightlnleftaasinxright

fleftxrightaasinx
acosxacosxaasinxbeginmatrixcosx1sinxendmatrixfleftxrightleft11sinxrightleftcdotsinxrightcosxleftcosxrightleft1sinxright2

beginmatrixsinxleftsin2x1cos2xrightleft1sinxright2endmatrix
beginmatrixsinx1left1sinxright2endmatrix
beginmatrixleft1sinxrightleft1sinxright2endmatrix
beginmatrix11sinxendmatrix where k1

b fleftxrightleft1sinxright

thereforefleftxrightleft11sinxright2leftcosxrightcosxleft1sinxright2
When x0
fleft0rightlna fleft0right1fleft0right1fleft0right1

hence fleftxrightlnalx12x2 I 16x3ldots






































































































































Ci int_01cdot2lnleft22sinxrightdx
approxint_01cdot2ln21xfrac12x21frac16x3dx

1cdot2x424

xln2beginmatrixx2x3126endmatrix1350176617135
0

it int_012lnleft22sinxrightdx1322161427
132leftbyGCright

iii Fortheapproximation in ci to becloserto the
truevalue X should besmall x1cdot2 is not
smallenough for x4 andaboveto be negligible



















































































wedge

a y
because x3 is the turning
point of Fleftxright

rflooryex3ye3x1
chi

3

b

Dfleftinfty3rightRfleft1inftyrightye3xlnY3XX3lnYthereforef1leftXright3lnXXgeq1Df1Rfleft1inftyright

ywedge
fleftXright

1

chi
3






































































































































C Dff1Df1left1inftyright
Given fleftf1leftleftxrightrightrightgeq1

xgeq1

thereforeXleq1 or Xgeq1

Ywedge
yx yx

1

chi

1Butbecause Dff1left1inftyright xgeq1

d For f1gleftxright to exist RgCDf1
i e Rgsubsetleft1inftyright

Given gleftxrightndx4xgeq4
when x4 I gleftxrightgeq1

nsqrt44geq1
ngeq1

therefore least value of n1

























































































a let y0
2sintheta0
sintheta0

thereforetheta0 1
prod or 2pi

when theta0 x0 left00right
When thetapix2pi1sin2pi

2pi left2pi0right
when theta2pix4pisin4pi

4pileft4pi0right

y2 leftpi2right
Pleft2pi0right Qleft4pi0right

X
prod 2pi 3prod 4prod

2
left3pi2right






































































































































y2sinthetadydtheta2costheta
bi x2thetasin2theta

beginmatrixdxdtheta22cos2thetaendmatrix
thereforedy2costheta2x
beginmatrix2costheta2left1cos2thetarightendmatrix
ostheta12cos2theta1

beginmatrix12costhetaendmatrix
12sectheta shown

ii In order for the graph C to have stationary points
beginmatrixdydxendmatrix must be 0

since beginmatrixdydx2costhetaendmatrix thenumerator of this expression
is always 1 i.e notpossible to be 0 hence beginmatrixdydxendmatrix will
never be 0

iii When theta3pi beginmatrixdy1dx2cosfracpi31endmatrix
x2leftbeginmatrixpi3endmatrixrightsin2leftbeginmatrixpi3endmatrixright

beginmatrix2piJ332endmatrix
y2sinfracpi3
2leftbeginmatrix132endmatrixright
sqrt3

therefore

equation of tangent y sqrt31leftbeginmatrixX2pisqrt332endmatrixright
yx1sqrt32pi23

2pi3132S Let x0 s yint_211
R Let y0 x32pi
distance RSsqrtleftbeginmatrixsqrt32pi23endmatrixright21leftbeginmatrix2pisqrt332endmatrixright2

174 units



































































































a given ground as pi1rcdotleftbeginmatrix001endmatrixright0
X yplane

givenalso OA7leftbeginmatrix101560endmatrixright OB7leftbeginmatrix5840endmatrixright I OC7leftbeginmatrix51050endmatrixright
AB20B70A7leftbeginmatrix5840endmatrixrightleftbeginmatrix101560endmatrixrightleftbeginmatrix5720endmatrixright

AC0COAleftbeginmatrix51050endmatrixrightleftbeginmatrix101560endmatrixrightleftbeginmatrix15510endmatrixright5leftbeginmatrix312endmatrixrightutildenAB7A2leftbeginmatrix5720endmatrixrightleftbeginmatrix312endmatrixrightleftbeginmatrix65016endmatrixright2leftbeginmatrix3258endmatrixright
equation of mineral layer Pi2 rcdotleftbeginmatrix3258endmatrixrightleftbeginmatrix101560endmatrixrightcdotleftbeginmatrix3258endmatrixright

30
135

cartesianequation of pi23X 254 8z135

375480

b thetacos1
leftbeginmatrix001endmatrixrightcdotleftbeginmatrix3258endmatrixrightsqrt1sqrt322528281698

cos1

72374724circ
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n
C Pleftbeginmatrix171880endmatrixright pi1 ground

pi2 mineral
layerF

pi2rcdotleftbeginmatrix3258endmatrixright135
step 1 lPoverrightarrowFrleftbeginmatrix171880endmatrixrightlambdaleftbeginmatrix001endmatrixrightlambdainmathbbR
step 2 OoverrightarrowFleftbeginmatrix17188lambdaendmatrixright

leftbeginmatrix17188lambdaendmatrixrightcdotleftbeginmatrix3258endmatrixright135
4700 8lambda13551

lambda61075thereforeOoverrightarrowFleftbeginmatrix1718861075endmatrixright
Hence F is 610.75m vertically below p






































































































































d n1

Pleftbeginmatrix171880endmatrixright pi1 ground

pi2 mineral
layerleftbeginmatrix101560endmatrixrightAcirc
pi2rcdotleftbeginmatrix3258endmatrixright135

choose any point on pi2 e.g OA

OwidearcAleftbeginmatrix171880endmatrixrightleftbeginmatrix101560endmatrixrightleftbeginmatrix2717360endmatrixrightstep 1 AoverrightarrowPOoverrightarrowP

step2 shortestdistance from p to pi2 i e perpendiculardist

length of projection formula

AoverrightarrowPcdothatnleftbeginmatrix2717360endmatrixrightcdotleftbeginmatrix3258endmatrixright
sqrt32left25right2left8right24886N69818494185m


